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Abstract
In highly improved staggered quark (HISQ) simulations by the HPQCD, MILC, and Fermilab
Lattice collaborations, both the light quarks and the charm quark are staggered. We extend chiral
perturbation theory for staggered quarks to include such all-staggered heavy-light mesons. We
assume that the heavy quark action is sufficiently improved that we may take amQ << 1 (where
mQ is the heavy quark mass), but also that mQ >> ΛQCD so that a continuum heavy quark
expansion is appropriate. We develop this effective chiral theory through next-to-leading order,
and use it to study the pattern of taste splittings in the heavy-light meson and to compute the
leptonic decay constant of the heavy-light meson to one-loop in the chiral expansion.
PACS numbers: 12.39.Hg, 12.38.Gc, 12.39.Fe
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I. INTRODUCTION
Heavy-light meson systems provide some of the best ways to test the standard model
and look for signs of new physics. In particular, the constraints on the sides of the unitarity
triangle, which come mainly from heavy-light decays and mixings, are limited largely by
the size of the theoretical errors in the values of the hadronic matrix elements of weak
operators. Lattice QCD provides a means of carrying out non-perturbative calculations of
such quantities from first principles and with controlled errors.
In setting up a lattice QCD calculation, a key choice is the form of the lattice action
for the quarks. Staggered fermions [1] are an efficient approach to simulating light quarks.
The “highly improved staggered quark” (HISQ) action [2] makes it possible to treat charm
quarks with the same action as the light quarks. Thus “all-staggered” simulations of D and
Ds mesons are now possible [3, 4], and even Bs mesons have been treated in this way by
pushing up the heavy quark mass on ensembles with the finest available lattice spacings [5].
There are several advantages to this all-staggered approach. Since heavy and light quarks
have the same action, there are partially conserved heavy-light axial and vector currents that
need no renormalization. The tuning of the heavy quark mass is also simplified compared to
other approaches (see, for example, Ref. [6]) because difference between “rest” and “kinetic”
masses of the heavy quark due to discretization effects may be neglected. Further, the
statistical errors of heavy-light pseudoscalars tend to be rather small, as they are for light-
light staggered pseudoscalars.
Lattice computations often involve an extrapolation in light quark masses to the physical
up and down masses, and always require a continuum extrapolation in lattice spacing. A
version of chiral perturbation theory (χPT) that includes the effects of the discretization
errors can help to control these extrapolations. Here, we develop chiral perturbation theory
for all-staggered heavy-light mesons. We call the theory heavy-meson, rooted, all-staggered
chiral perturbation theory (HMrASχPT), where “rooted” refers to the fourth root of the
staggered determinant, as reviewed below.
Staggered quarks have a four-fold degree of freedom, called taste, which is a remnant of
lattice doubling. In the continuum limit, there is an exact SU(4) symmetry acting on tastes;
this symmetry is broken at O(a2) in the lattice spacing a. The corresponding discretization
errors in the light-light sector split the masses of mesons with different tastes, which may be
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understood using staggered chiral perturbation theory (SχPT) [7, 8]. For typical values of a2,
the taste splittings of light pseudoscalar mesons can be comparable to the masses themselves.
In short-hand, we say a2 ∼ m2pi, where factors of ΛQCD to balance the dimensions are always
assumed in such relations. These taste splittings must therefore be included in the leading
order (LO) light-light Lagrangian.
For heavy-light mesons composed of staggered quarks, the situation is different. The LO
Lagrangian in the continuum is ofO(k), where k is the residual momentum of the heavy-light
meson. We assume k ∼ mpi. Since a2 ∼ m2pi ∼ k2, taste violations are of higher order and
will be treated as next-to-leading order (NLO) corrections. The LO heavy-light Lagrangian
is then taste invariant. This power counting is consistent with HISQ simulations, where
the splittings in squared meson masses remain roughly constant as the valence quark mass
increases from the light quark regime to the charm regime [9]. Therefore the splittings for
the masses themselves are much smaller for heavy-light mesons than for light mesons. For
example, the taste splitting at a ≈ 0.12 fm between the root-mean-squared (RMS) Ds meson
and the lightest Ds meson is only about 11 MeV [9], while it is about 110 MeV for the pion.
Reference [10] works out a closely related chiral theory for heavy-light mesons with stag-
gered light quarks but non-staggered heavy quarks (for example, Fermilab [11] or NRQCD
[12] quarks). That chiral theory has been called heavy-meson, rooted staggered chiral per-
turbation theory (HMrSχPT). In HMrSχPT, heavy-light mesons have a single taste degree
of freedom associated with the light quark. As in the current case, the LO HMrSχPT La-
grangian in the heavy-light sector is taste invariant.1 Since the LO Lagrangian determines
the propagators and vertices of the one-loop diagrams, those diagrams are very closely re-
lated in HMrSχPT and HMrASχPT (the current case). Important differences arise at NLO,
however. Such differences affect, for example, the analytic terms that are added on to the
one-loop chiral logarithms to give the complete NLO expressions for quantities such as the
decay constants. Similarly, mass splittings for heavy-light mesons of different tastes are
governed by the analytic NLO terms. Indeed, we prove below that the one-loop diagrams
themselves do not give rise to any taste violations in the heavy-light meson masses, despite
the fact the light-light masses, which enter those diagrams, do violate taste symmetry. This
1 There is in fact is no mass splitting of different tastes of heavy-light mesons at any order in HMrSχPT.
The absence of splittings is guaranteed by shift symmetry [13, 14], which in the continuum limit is simply
a discrete subgroup of continuum SU(4) taste symmetry.
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feature arises from the combination of exact heavy-quark taste symmetry at LO and the
all-orders discrete taste symmetry coming from shift invariance.
Thus we need to extend the program developed in Ref. [10] to include staggered heavy
quarks with a taste degree of freedom. In this paper we assume that the staggered action
used (e.g., HISQ) is improved sufficiently that we can treat the heavy quark as “continuum-
like,” with small corrections from cutoff effects. We refer to this assumption in short-hand
as taking amQ  1, where mQ is mass of the heavy quark, although one should keep
in mind that corrections in powers of amQ may in practice be reduced as much or more
by the improved action than by the size of amQ per se. Under this assumption, we can
use the Symanzik Effective Theory (SET) [15] to describe the discretization effects on the
heavy quarks, as well as on the light quarks. The SET is the effective theory for physical
momenta p small compared with the cutoff (ap  1); it encodes discretization effects in
higher-dimensional operators added to continuum QCD.
When the heavy quark is non-staggered, as in HMrSχPT, the heavy-quark doubler states
are split from the heavy quark by an amount of order of the cutoff, and are therefore inte-
grated out of the SET. Thus the heavy quark fields have no degree of freedom corresponding
to taste, and taste violations at O(a2) appear only in four-quark operators composed exclu-
sively of light quarks.
In the all-staggered case, on the other hand, important taste violations at O(a2) appear
in “mixed” four-quark operators consisting of the product of a heavy quark bilinear and a
light quark bilinear, as well as in the product of two light-quark bilinears. These operators
break the taste symmetries of both heavy and light quarks. (Products of two heavy-quark
bilinears also appear in the SET, but their effect on the heavy-light meson Lagrangian is
rather trivial since there is at most one heavy quark in all initial and final states considered.)
In the SET, the lattice theory has been replaced by a continuum theory. The lattice
spacing a appears only as a parameter multiplying higher-dimensional operators. One can
then use the fact that mQ is large compared to ΛQCD, to organize heavy quark effects with
Heavy Quark Effective Theory (HQET). The heavy quark field qh in both dimension-four
and higher-dimension operators is replaced by a HQET field Q, where Q satisfies
1 + v/
2
Q = Q , (1)
with vµ the heavy-quark four-velocity. The dimension-four terms are invariant under heavy-
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quark spin symmetry, but the higher dimensional terms may violate the symmetry.
Finally, when residual momenta and light quark masses are small compared to the chiral
scale Λχ ∼ 1 GeV, the physics of light-light and heavy-light mesons may be described by a
chiral effective theory. The dimension-four operators give a standard-looking heavy-meson
chiral theory, but with additional taste degrees of freedom for both light and heavy quarks.
The higher-dimensional operators may be mapped to the chiral Lagrangian using a spurion
analysis. They generate LO terms in the light-light sector that violate light-quark taste
symmetry, and NLO terms in the heavy-light sector that violate heavy-quark taste and spin
symmetry.
Since the four taste degrees of freedom of a staggered quark are unphysical, the fermion
determinant is replaced by its fourth root in simulations. This rooting procedure introduces
non-locality: At non-zero lattice spacing, the rooted fermion action is not equivalent to any
local action [16], which in turn leads to nonlocal violations of unitarity [16, 17]. In the
continuum limit, locality and unitarity are however expected to be restored, an expecta-
tion which is supported theoretical arguments [14, 18–20], as well as other analytical and
numerical evidence [21–25].
In the chiral theory, rooting is taken into account by multiplying each sea quark loop by
a factor of 1/4 [26, 27]. This can be accomplished either by following the quark flow [28] to
locate the loops, or — more systematically — by replicating the sea quarks nr, performing
a standard chiral calculation, and taking nr = 1/4 in the result[14, 20]. Here, we follow
Ref. [10] and use the quark flow approach.
After the chiral theory is constructed, we first apply it to calculate the taste splittings of
heavy-light meson masses at next-to-leading chiral order. Some of the analytic NLO terms
break the taste-SU(4) symmetry of the masses down to SO(4) symmetry [7], while others
break the symmetry still further, producing splitting within SO(4) multiplets. Our results
can be used to understand the measured lattice splittings [9].
We then calculate the leptonic decay constant of a heavy-light meson at one-loop. The
chiral form we obtain is very useful in the analysis of HISQ data for fD+ and fDs [29]. In
general, we work to LO in 1/mQ, but some higher order terms (heavy-light hyperfine and
flavor splittings) are considered in the decay constant calculation. Following Ref. [30], we
argue that the inclusion of those terms (but no other 1/mQ terms) constitutes a systematic
approximation in the power counting introduced by Boyd and Grinstein [31].
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As is clear from the above, many features of the analysis of Ref. [10] can be used here
with only small changes. However, in reexamining the NLO terms in the Lagrangian and
current of Ref. [10] for use here, we have discovered some minor mistakes: There are a few
terms at NLO that were omitted, and a few of the terms listed in the earlier paper can
be shown either to be absent or to be redundant with terms already present. This occurs
only for the complicated terms that violate both (Euclidean) rotation symmetry and taste
symmetry. The errors have no consequences for applications of HMrSχPT in the literature.
The remainder of this paper is organized as follows: In Sec. II, the LO SχPT Lagrangian
is constructed for all-staggered heavy-light mesons, and those NLO terms that are the same
as in the continuum are briefly discussed. The O(a2) terms involving heavy-light mesons are
then derived from a spurion analysis in Sec. III, with a needed reduction of a three-index
Lorentz tensor into irreducible representations relegated to Appendix A. Section IV focuses
on taste splittings of heavy-light mesons. Finally, in Sec. V, the decay constant in heavy-
light systems is calculated to NLO. Our conclusions and some discussion of the results follow
in Sec. VI.
II. THE STAGGERED CHIRAL LAGRANGIAN WITH HEAVY-LIGHT
MESONS
In this section, we first introduce our chiral power counting and give our notation for
the various contributions that appear at both LO and NLO. We then consider the LO
Lagrangian for both the light mesons and heavy-light mesons. The heavy-light meson field
is generalized from that in Ref. [10] so that it carries a heavy-quark taste index, in addition
to light-quark taste and flavor — or, equivalently, so that it carries meson taste and light-
quark flavor indices. The NLO terms that are invariant under taste symmetry are the same
as in the continuum, and are briefly treated in Sec. II C.
A. Power counting
We assume the power counting p2pi ∼ m2pi ∼ mq ∼ a2 for the light mesons (“pions”) as
in Ref. [10]. Here ppi is a typical pion momentum, and factors of ΛQCD are implicit. Two
additional scales enter with the inclusion of heavy-light mesons. The first is the residual
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momentum of the heavy-light meson, k, which we take to be of the same order as ppi. The
second scale is the heavy quark mass mQ. Initially, we keep only the leading order in
1/mQ in the following calculations and derive the decay constant of D at that order. We
then follow Ref. [30] to include hyperfine splittings (e.g., m∗D − mD) and flavor splittings
(e.g., mDs −mD) in the NLO decay constant calculation. These splittings are ∼ 100 MeV,
and so not much smaller than mpi, despite the fact that they are formally of order 1/mQ.
Including the splittings can therefore be important in practical applications of our results,
especially since HISQ simulations at physical pion mass are now available [9]. Furthermore
it is consistent to include the splittings at NLO in the power counting of Refs. [30, 31],
The LO chiral Lagrangian is therefore O(k ∼ √mq) in the heavy-meson fields and
O(mq, a2) in the light-meson fields. (As usual in HQET, terms of O(k0) in the heavy-meson
fields, i.e., heavy mass terms, are removed by construction.) Since each loop will bring in
two powers of ppi or equivalent scales, we consider terms both of order k
2 and of order k3
in the heavy mesons to be NLO, and similarly next-to-next-to-leading order (NNLO) would
include heavy-meson terms of order k4 and k5. For our purposes here, we need the complete
LO Lagrangian (for both heavy and light mesons), but only the heavy-meson part of the
NLO Lagrangian. We therefore write
L = LLO + LNLO , (2)
LLO = LpionLO + L1 , (3)
LNLO = L2 + L3 (4)
where LpionLO is the standard LO light meson Lagrangian [8], and L1, L2, and L3 denote the
heavy-meson terms of order k1, k2 and k3 (or equivalent scales), respectively.
We will also need jµ,iΞ, the left-handed heavy-light current for light flavor i and combined
taste Ξ. It has the similar expansion
jµ,iΞ = jµ,iΞLO + j
µ,iΞ
NLO , (5)
jµ,iΞNLO = j
µ,iΞ
1 + j
µ,iΞ
2 , (6)
where again the subscripts 1 and 2 denote orders in k.
We can classify contributions to the NLO terms in Eqs. (4) and (6) by the source of
the extra powers of the scale and the nature of any symmetry breaking. The subscript
k will denote terms in which the powers come exclusively from additional derivatives as
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compared to the LO terms, while the subscripts m and a2 will indicate insertions of mass
or taste-violating spurions, respectively (together with possible additional derivatives). The
taste-violating terms may be further classified according to whether continuum Euclidean
SO(4) rotation symmetry is preserved or broken (“type A” or “type B,” respectively), and
whether the heavy-quark taste symmetry is preserved or broken (“type 1” or “type 2”,
respectively). As first pointed out in Ref. [7], type A terms also preserve a SO(4) taste
symmetry of the light quarks, and that feature remains true here. Our classification then
gives
L2 = L2,k + L2,m + LA12,a2 + LB12,a2 + LA22,a2 + LB22,a2 , (7)
L3 = L3,k + L3,m + LA13,a2 + LB13,a2 + LA23,a2 + LB23,a2 , (8)
jµ,iΞ1 = j
µ,iΞ
1,k , (9)
jµ,iΞ2 = j
µ,iΞ
2,k + j
µ,iΞ
2,m + j
µ,iΞ
2,a2,A1 + j
µ,iΞ
2,a2,B1 + j
µ,iΞ
2,a2,A2 + j
µ,iΞ
2,a2,B2 , (10)
where jµ,iΞ1 comes solely from derivative terms, since mass and taste spurions bring in two
powers of the small scale.
After introducing our (mainly standard) notation, we give the LO terms LpionLO , L1, and
jµ,iΞLO in the next subsection. NLO terms that are the same as in the continuum, namely L2,k,
L3,k, L2,m, L3,m, jµ,iΞ1 , jµ,iΞ2,k , and jµ,iΞ2,m are then briefly discussed in Sec. II C. Study of the
taste-violating terms, which require a detailed look at the SET, are postponed until Sec. III.
Those terms that preserve heavy-quark taste symmetry, namely type A1 and B1 terms, are
trivial generalizations of the corresponding terms in [10]. Those that break heavy-quark
taste symmetry, namely type A2 and B2, are however completely new.
B. Leading-order theory
The LO chiral Lagrangian is divided into the light meson part LpionLO and the heavy meson
part L1, as in Eq. (3). The light meson part is standard [8]. However, following Ref. [10],
we write the complete Lagrangian in Minkowski space for ease of comparison with the
continuum heavy-light literature. If desired, a Wick rotation can be defined everywhere to
transform the theory into Euclidean space, corresponding to the Euclidean lattice theory.
We have
LpionLO =
f 2
8
Tr(∂µΣ∂
µΣ†) +
1
4
µf 2 Tr(MΣ +MΣ†)− 2m
2
0
3
(UI +DI +SI + . . .)
2− a2VΣ, (11)
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where Σ = exp[iΦ/f ] is a 4n× 4n matrix for n staggered flavors, with Φ given by:
Φ =

U pi+ K+ · · ·
pi− D K0 · · ·
K− K¯0 S · · ·
...
...
...
. . .
 . (12)
Here U =
∑16
Ξ=1 UΞTΞ, etc., with the Hermitian taste generators TΞ given by
TΞ = {ξ5, iξµ5, iξµν , ξµ, ξI} . (13)
As in Ref. [10], we employ Euclidean gamma matrices for ξµ, with ξµν ≡ (1/2)[ξµ, ξν ] (µ < ν
in Eq. (13)), ξµ5 ≡ ξµξ5, and ξI ≡ I, where I is the 4× 4 identity matrix. Below, we use a
summation convention for indices on the matrices ξµ that are repeated twice, but explicit
summation for indices that are repeated more than twice. The mass matrix is given by the
4n× 4n matrix
M =

muI 0 0 · · ·
0 mdI 0 · · ·
0 0 msI · · ·
...
...
...
. . .
 . (14)
The potential VΣ, which breaks the taste symmetry of light mesons, is defined in Refs. [8, 10]:
− VΣ = C1 Tr(ξ(n)5 Σξ(n)5 Σ†) +
C3
2
[Tr(ξ(n)ν Σξ
(n)
ν Σ) + h.c.]
+
C4
2
[Tr(ξ
(n)
ν5 Σξ
(n)
5ν Σ) + h.c.] +
C6
2
Tr(ξ(n)µν Σξ
(n)
νµ Σ
†)
+
C2V
4
[Tr(ξ(n)ν Σ) Tr(ξ
(n)
ν Σ) + h.c.] +
C2A
4
[Tr(ξ
(n)
ν5 Σ) Tr(ξ
(n)
5ν Σ) + h.c.]
+
C5V
2
[Tr(ξ(n)ν Σ) Tr(ξ
(n)
ν Σ
†)] +
C5A
2
[Tr(ξ
(n)
ν5 Σ) Tr(ξ
(n)
5ν Σ
†)] . (15)
The explicit 4n× 4n matrices ξ(n)µ in Eq. (15) are defined by(
ξ(n)ν
)
ij
= ξνδij , (16)
with i and j the SU(n) light quark flavor indices, and ξν a 4×4 taste matrix, as in Eq. (13).
The matrices ξ
(n)
µν and ξ
(n)
ν5 are defined similarly.
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In terms involving heavy-lights, we also need σ ≡ √Σ = exp[iΦ/2f ]. Both Σ and σ are
singlets under the heavy-quark symmetries, while under SU(4n)L×SU(4n)R they transform
as
Σ→ LΣR† , Σ† → RΣ†L† , (17)
σ → LσU† = UσR† , σ† → Rσ†U† = Uσ†L† , (18)
where L ∈ SU(4n)L, R ∈ SU(4n)R, and U is a function of L and R and the pion fields. In
the construction of invariant Lagrangian terms it is convenient to define objects involving
the σ field that transform only with U and U†. The two possibilities with a single derivative
are
Vµ =
i
2
[
σ†∂µσ + σ∂µσ†
]
, (19)
Aµ =
i
2
[
σ†∂µσ − σ∂µσ†
]
. (20)
The field that destroys a heavy-light meson can be written as
Hαa =
1 + v/
2
[
γµB∗µαa + iγ5Bαa
]
, (21)
where v is the meson’s velocity, a is the combined flavor-taste index of the light quark,
and α is the heavy-quark taste index. To avoid confusion with the covariant derivative
→
Dµ
introduced below, we will use B for now to denote a generic pseudoscalar heavy-light meson
and B∗ to denote the corresponding vector meson (with vµB∗µαa = 0), even though the focus
of current all-staggered simulations is primarily on the D meson system rather than B meson
system. The formalism developed in this paper applies to both, although 1/mQ corrections
are of course larger for D’s. The conjugate field that creates a heavy-light meson is
Haα ≡ γ0H†aαγ0 =
[
γµB†∗µaα + iγ5B
†
aα
] 1 + v/
2
. (22)
Under the SU(2) heavy-quark spin symmetry, the heavy-light field transforms as
H → SH ,
H → HS† , (23)
with S ∈ SU(2) acting on Dirac index of the heavy-light field. Transformations under the
chiral SU(4n)L × SU(4n)R symmetry of the light quarks take the form
H → HU† ,
H → UH , (24)
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with U ∈ SU(4n) acting on the combined flavor-taste index a in Eqs. (21) and (22). Heavy
quarks of course do not have a chiral symmetry, but they do have a vector SU(4) taste
symmetry (exact in the continuum limit), under which
H → V H ,
H → HV † , (25)
with V ∈ SU(4) acting on the heavy-quark taste index.
We introduce a (chirally) covariant derivative that acts on the heavy-light field or its
conjugate as
(H
←
Dµ)αb = Hαc(
←
Dµ)cb ≡ ∂µHαb + iHαc(Vµ)cb ,
(
→
DµH)bα = (
→
Dµ)bcHcα ≡ ∂µHbα − i(Vµ)bcHcα , (26)
with implicit sums over repeated indices.
So far H is treated as a 4×4n matrix in the taste and the flavor space of quarks. Instead
of attaching separate indices for the tastes of the light and heavy quarks of the meson, one
can use a single index for the combined meson taste. The field H is then treated as an n-
component vector in the flavor space of the light quark, while each element (Hi, i = 1, . . . , n)
is a 4 × 4 matrix in the taste space of the meson, and written as a linear combination of
the 16 taste generators TΞ, Eq. (13). We use Latin indices in the middle of the alphabet
(i, j, ...) as pure flavor indices, and capital Greek letters such as Ξ to indicate meson tastes.
For example, the ith element of the field destroying a heavy-light meson in the light flavor
space can be represented by Hi =
∑16
Ξ=1
1
2
TΞ HiΞ and its conjugate by H i =
∑16
Ξ=1
1
2
TΞ H iΞ,
where the factors of 1
2
are inserted to ensure that the fields HiΞ and H iΞ are conventionally
normalized.
We can now write down L1. As discussed in Sec. II A, lattice corrections are higher order
in the heavy-light system, so at LO we just have the continuum-like Lagrangian [10, 32]
L1 = −iTr(HHv·←D) + gpi Tr(HHγµγ5Aµ) , (27)
Tr means the complete trace over flavor, taste, and Dirac indices. The only difference
of L1 from the continuum LO Lagrangian is addition of the (implicit) taste degrees of
freedom of light and heavy quarks. The product HH can be treated either as a 4n × 4n
matrix in the flavor-taste space of the light quarks: (HH)ab ≡ HaαHαb (with an implicit
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sum over α), or equivalently as a n × n matrix in the flavor space of the light quarks,
where each element is itself a 4 × 4 matrix in the taste space of the meson: (HH)ij ≡
1
4
∑16
Ξ=1
∑16
Ξ′=1 H iΞHjΞ′TΞTΞ′ . Depending on the situation, one of the notations may be
more convenient; we must however be careful to be consistent in the treatment of other
objects in the same term in the Lagrangian.
For the calculation of the heavy-light decay constants in Sec. V, the chiral representative
of the axial heavy-light current is needed. Alternatively, one can work with the left-handed
current, whose matrix element between a pseudoscalar meson and the vacuum is proportional
to that of the axial current. For the current, it is simplest to treat the heavy-light field as
a light-flavor vector whose elements are meson taste matrices. The left-handed current that
destroys a heavy-light meson of taste Ξ and light flavor i is jµ,iΞ, which at LO takes the
form
jµ,iΞLO =
κ
2
Tr
(1
2TΞγ
µ (1− γ5)Hσ†λ(i)
)
(28)
where κ is a low-energy constant, and λ(i) is a constant row vector that fixes the flavor of
the light quark: (λ(i))j = δij. This expression for the current is a trivial generalization of
that in Ref. [32] to include the taste degrees of freedom. It can be checked using the spurion
analysis introduced in Sec. III B to find the current at next order. The decay constant fBiΞ
is defined by the matrix element〈
0
∣∣∣jµ,i′Ξ′∣∣∣BiΞ(v)〉 = ifBiΞmBiΞvµδΞΞ′δii′ , (29)
where relativistic normalization of the state |BiΞ(v)〉 is assumed. At LO in the heavy-light
chiral theory, jµ,i
′Ξ′
LO = iκv
µBi′Ξ′ , which gives f
LO
BiΞ
= κ/
√
mBiΞ . Recall that the factor
√
mBiΞ
arises from the differences in normalizations between relativistic and non-relativistic states.
C. Next-to-leading-order terms in the continuum
In the continuum, the NLO terms are of two types: those formed by only adding deriva-
tives to LO terms (L2,k, L3,k, jµ,iΞ1 , and jµ,iΞ2,k ), and those that involve a mass spurion (L2,m,
L3,m, and jµ,iΞ2,m ). The former are not to our knowledge cataloged completely in the literature,
and in any case are irrelevant to the heavy meson mass and decay constant to the order we
are working: Additional derivatives acting on a heavy-light field vanish on shell (k = 0),
while those on the light fields contribute only to tree-level diagrams with external pions. We
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therefore follow Ref. [10], and simply list some representative terms in L2,k, L3,k, jµ,iΞ1 , jµ,iΞ2,k .
We have
L2,k = i1
Λχ
Tr
(
(v · →DHH −HHv · ←D) γµγ5Aµ
)
+
2
Λχ
Tr
(
HH(v · ←D )2
)
+ . . . (30)
L3,k = 3
Λ2χ
Tr
(
HHγµγ5(v · →D )2Aµ
)
+
4
Λ2χ
Tr
(
HH
→
D/γ5 v · →D v · A
)
+ . . . (31)
jµ,iΞ1,k =
iκ1
Λχ
Tr
(1
2TΞγ
µ (1−γ5)Hv · ←Dσ†λ(i)
)
+
κ2
Λχ
Tr
(1
2TΞγ
µ (1−γ5)H v · Aσ†λ(i)
)
+ . . . (32)
jµ,iΞ2,k =
κ3
Λ2χ
Tr
(1
2TΞγ
µ (1−γ5)H(v · ←D )2σ†λ(i)
)
+
iκ4
Λ2χ
Tr
(1
2TΞγ
µ (1−γ5)H v · →D v · Aσ†λ(i)
)
+ . . . (33)
where the constants i, κj are taken to be real and dimensionless, Λχ is the chiral scale, and
→
DνAµ ≡ ∂νAµ − i[Vν ,Aµ] . (34)
The only difference from Ref. [10] is a small change of notation because of the taste degree
of freedom of the heavy quark: Here the current has meson taste Ξ and light flavor fixed by
λ(i); whereas in Ref. [10] the current had only light-quark taste and flavor, both of which
were fixed by λ(i).
The terms induced by single insertions of the light quark mass spurions also follow directly
from Ref. [10]. They are:
L2,m = 2λ1 Tr
(
HHM+)+ 2λ′1 Tr (HH)Tr (M+) , (35)
L3,m = ik1 Tr
(
HHv·←DM+ − v·→DHHM+
)
+ik2 Tr
(
HHv·←D − v·→DHH
)
Tr(M+)
+ k3 Tr
(
HHγµγ5{Aµ,M+}
)
+ k4 Tr
(
HHγµγ5Aµ
)
Tr(M+)
+ k5 Tr
(
HHγµγ5
)
Tr
(
AµM+)+ k6 Tr (HHγµ[Aµ,M−]) , (36)
jµ,iΞ2,m = ρ1 Tr
(1
2TΞγ
µ(1− γ5)HM+σ†λ(i)
)
+ ρ2 Tr
(1
2TΞγ
µ(1− γ5)Hσ†λ(i)
)
Tr(M+)
+ρ3 Tr
(1
2TΞγ
µ(1− γ5)HM−σ†λ(i)
)
+ ρ4 Tr
(1
2TΞγ
µ(1− γ5)Hσ†λ(i)
)
Tr(M−), (37)
where M± = 12
(
σMσ ± σ†Mσ†) are the light-quark mass spurions.
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III. TASTE SYMMETRY BREAKING
Taste violations first appear at O(a2). In the SET, they are described by four-quark
(dimension six) operators, which are generated by gluon exchange with total momenta ∼pi/a
between two quark lines. The gluons can change the taste, spin, and color of the quark line,
but not its flavor, so the operators take the form of products of two quark bilinears, where
each bilinear is made of quark and antiquark fields of a single flavor. In the current case,
there are three generic classes of four-quark operators: where both bilinears are of light
quarks, where one bilinear is light and the other heavy, and where both bilinears heavy. We
write
a2Ollss′tt′ = c1a2 ql(γs ⊗ ξt)ql ql′(γs′ ⊗ ξt′)ql′ , (38)
a2Olhss′tt′ = c2a2 ql(γs ⊗ ξt)ql qh(γs′ ⊗ ξt′)qh , (39)
a2Ohhss′tt′ = c3a2 qh(γs ⊗ ξt)qh qh′(γs′ ⊗ ξt′)qh′ . (40)
where l and h refer to light and heavy quarks, respectively; s, s′ label spins; and t, t′ label
tastes. The light quark labels l and l′ are summed over; only a single heavy quark flavor is
considered. Color indices, which may be contracted in different ways, are omitted because
they have no effect on the chiral operators generated. The operators in Eqs. (38) through
(40) are schematic; they stand for the whole set of possible four-quark operators with the
given flavor structure. Similarly, each coefficient ci represents a set of coefficients of the
operators.
The staggered symmetries impose the following constraints on the possible operators2
U(1) symmetry ⇒ {γ5 ⊗ ξ5, γs ⊗ ξt} = 0 , (41)
shift symmetry ⇒ ξt = ξt′ , (42)
rotational and parity symmetries ⇒ γt = γt′ . (43)
At this point the lattice spacing a has simply become a parameter in the continuum SET
theory. We can therefore use the fact that the heavy quark mass mQ is large compared to
ΛQCD to replace the field qh in Eqs. (39) and (40) with the HQET field Q, Eq. (1). Making
2 See Ref. [24] for a pedagogical review; we follow it closely.
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in addition the simplifications implied by Eqs. (42) and (43), we have
a2Ollst = c1a2 ql(γs ⊗ ξt)ql ql′(γs ⊗ ξt)ql′ , (44)
a2Olhst = c2a2 ql(γs ⊗ ξt)ql Q(γs ⊗ ξt)Q , (45)
a2Ohhst = c3a2 Q(γs ⊗ ξt)Q Q(γs ⊗ ξt)Q . (46)
The operators can be further separated into type A and type B operators [7], which are
distinguished by whether they break continuum Euclidean rotation symmetry. This breaking
occurs when there are indices that are common to both the spin and taste matrices, thereby
coupling spin and taste. Type-A operators are invariant under rotation symmetry, while
type-B operators break it. Both types of operators break SU(4) taste symmetry. Type-
A operators are, however, invariant under an SO(4) taste subgroup, as well as the SO(4)
of space-time rotations, whereas type-B operators are invariant only under combined 90◦
rotations of both spin and taste. There are a total of twelve type-A operators that are
named by the spin ⊗ taste of their bilinears [7]:
[S × A], [S × V ], [A× S], [V × S], [P × A], [P × V ],
[A× P ], [V × P ], [T × V ], [T × A], [V × T ], [A× T ] . (47)
Each operator will also have the superscript ll, lh, or hh to denote its flavor. Thus, for
example
[T × A]lh ≡ a2 ql(γµν ⊗ ξλ5)ql Q(γνµ ⊗ ξ5λ)Q , (48)
where γµν ≡ (1/2)[γµ, γν ], and we use Minkowski gamma matrices for convenience, cor-
responding to the fact that we have chosen to write the chiral Lagrangian ultimately in
Minkowski space. Taste matrices remain Euclidean, as in Eq. (13). Summation over the
twice-repeated indices µ, ν, λ is implied.
There are four type-B operators:
[Tµ × Vµ], [Tµ × Aµ], [Vµ × Tµ], [Aµ × Tµ], (49)
where µ is the common index that appears four times. For example, we have
[Aµ × Tµ]ll ≡ a2
∑
µ
ql(iγµγ5 ⊗ iξµν)ql ql′(iγµγ5 ⊗ iξµν)ql′ . (50)
The index ν, which appears twice, obeys the summation convention, while the sum over an
index like µ, which appears four times, is shown explicitly here and below.
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We now consider the chiral operators that correspond to the SET/HQET operators,
Eqs. (44) and (46). The light-light operators, Eq. (44), are (trivially) invariant under the
heavy-quark taste symmetry, while breaking the light-quark taste symmetry, leading to the
NLO terms in the Lagrangian and current denoted by LA12,a2 , LB12,a2 , LA13,a2 , LB13,a2 , jµ,iΞ2,a2,A1 and
jµ,iΞ2,a2,B1 in Eqs. (7) through (10). They are summarized in the following subsection. The light-
heavy operators, Eq. (45), break both the light-quark and heavy-quark taste symmetries.
These operators lead to the terms denoted by LA22,a2 , LB22,a2 , LA23,a2 , LB23,a2 , jµ,iΞ2,a2,A2 and jµ,iΞ2,a2,B2 in
Eqs. (7) through (10), and are discussed in Sec. III B. Although the heavy-heavy operators,
Eq. (46), break the heavy taste symmetry, they do not result in any new chiral operators in
the heavy-light chiral Lagrangian or current, for reasons we discuss at the end of Sec. III B.
A. Discretization errors at NLO: Light-taste breaking terms
The light-light operators in Eq. (44) are trivially invariant under the heavy-quark spin
symmetry, in addition to the heavy-quark taste symmetry. Either symmetry alone is enough
to guarantee that all corresponding Lagrangian operators are composed of the product HH.
This means that operators determined in Ref. [10] from the light-light four-quark operators
can be taken over without change even though the heavy quarks considered there had no taste
degree of freedom. Similarly, the spin symmetry alone requires that the left-handed current
is constructed from the combination γµ(1 − γ5)H, and the heavy-quark taste symmetry
provides no fundamentally new information. Thus the current can also be taken over from
Ref. [10], although in this case one needs the same minor notational change to accommodate
the heavy-quark taste degree of freedom that we have used above in Eqs. (32), (33) and (37).
We have also found it necessary to change a few symbols from those used in Ref. [10] in
order to avoid conflict with notation in the present paper. Moreover, we have discovered a
few new terms that were missed in that reference, and have dropped a few terms that are
not independent or are absent for other reasons. The changes have no effect on existing
calculations in HMrSχPT: the heavy-light leptonic decay constant [10] and the semileptonic
form factors for heavy-light meson decays to light [33] or heavy-light [34] mesons.
For type-A operators, the contributions to the chiral Lagrangian are
LA12,a2 = a2
8∑
k=1
{
KA11,k Tr
(
HHOA1,+k
)
+KA12,k Tr
(
HH
)
Tr(OA1,+k )
}
(51)
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and
LA13,a2 = a2
8∑
k=1
{
icA11,k Tr
(
HHv·←DOA1,+k − v·
→
DHH OA1,+k
)
+icA12,k Tr
(
HHv·←D − v·→DHH
)
Tr(OA1,+k )
+cA13,k Tr
(
HHγµγ5{Aµ,OA1,+k }
)
+ cA14,k Tr
(
HHγµγ5Aµ
)
Tr(OA1,+k )
+cA15,k Tr
(
HHγµγ5
)
Tr(AµOA1,+k ) + cA16,k Tr
(
HHγµ[Aµ,OA1,−k ]
)
+cA17,k
(
Tr
(
HHγµγ5P
A1
k AµP˜A1k
)
+ p.c.
)
+cA18,k
(
Tr
(
HHγµγ5P
A1
k
)
Tr
(
AµP˜A1k
)
+ p.c.
)}
+a2
∑
k=2,5,7,8
cA19,k
(
Tr
(
HHγµP
A1
k AµP˜A1k
)
+ p.c.
)
+a2
∑
k=1,2,6,7
cA110,k
(
Tr
(
HHγµP
A1
k
)
Tr
(
AµP˜A1k
)
+ p.c.
)
. (52)
where p.c. denotes the parity conjugate; for example, σp.c. = σ
†. Taste violations are encoded
in the operators
OA1,±1 = (σξ(n)5 Σ†ξ(n)5 σ ± p.c.)
OA1,±2 =
[
(σξ(n)ν σ) Tr(ξ
(n)
ν Σ)± p.c.
]
OA1,±3 = (σξ(n)ν Σξ(n)ν σ ± p.c.)
OA1,±4 = (σξ(n)ν5 Σξ(n)5ν σ ± p.c.)
OA1,±5 =
[
(σξ(n)ν σ) Tr(ξ
(n)
ν Σ
†)± p.c.]
OA1,±6 = (σξ(n)µν Σ†ξ(n)νµ σ ± p.c.)
OA1,±7 =
[
(σξ
(n)
ν5 σ) Tr(ξ
(n)
5ν Σ)± p.c.
]
OA1,±8 =
[
(σξ
(n)
ν5 σ) Tr(ξ
(n)
5ν Σ
†)± p.c.
]
, (53)
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and
PA11 = σξ
(n)
5 σ
† , P˜A11 ≡ (PA11 )p.c. = σ†ξ(n)5 σ
PA12 = σξ
(n)
5 σ
† , P˜A12 ≡ PA12
PA13 = σξ
(n)
ν σ , P˜
A1
3 ≡ PA13
PA14 = iσξ
(n)
ν5 σ , P˜
A1
4 ≡ PA14
PA15 = σξ
(n)
ν σ , P˜
A1
5 ≡ (PA15 )p.c. = σ†ξ(n)ν σ†
PA16 = iσξ
(n)
λν σ
† , P˜A16 ≡ (PA16 )p.c. = −iσ†ξ(n)νλ σ
PA17 = iσξ
(n)
λν σ
† , P˜A17 ≡ PA17
PA18 = iσξ
(n)
ν5 σ , P˜
A1
8 ≡ (PA18 )p.c. = −iσ†ξ(n)5ν σ† . (54)
For the current, we have
jµ,iΞ2,a2,A1 = a
2
8∑
k=1
{
rA11,k Tr
(
1
2TΞγ
µ(1− γ5)HOA1,+k σ†λ(i)
)
+rA12,k Tr
(1
2TΞγ
µ(1− γ5)Hσ†λ(i)
)
Tr(OA1,+k ) + rA13,k Tr
(
1
2TΞγ
µ(1− γ5)HOA1,−k σ†λ(i)
)
+rA14,k Tr
(1
2TΞγ
µ(1− γ5)Hσ†λ(i)
)
Tr(OA1,−k )
}
. (55)
Similarly, for type-B operators, we have:
LB12,a2 = a2
∑
µ
3∑
k=1
{
KB11,kvµv
µ Tr(HHOB1,+µ,k ) +KB12,kvµvµ Tr(HH) Tr(OB1,+µ,k )
+KB13,kvµ Tr(HHγ
µγ5OB1,−µ,k ) +KB14,kvµ Tr(HHγµγ5) Tr(OB1,−µ,k )
}
, (56)
where
OB1,±µ,1 = (σξ(n)µλ Σ†ξ(n)λµ σ)± p.c. ,
OB1,±µ,2 = (σξ(n)µ σ) Tr(ξ(n)µ Σ†)± p.c. ,
OB1,±µ,3 = (σξ(n)µ5 σ) Tr(ξ(n)5µ Σ†)± p.c. . (57)
Note that the above operators explicitly depend on µ, and there is no summation over this
index in their definition. (We do sum over λ.) The sum over µ is shown explicitly in Eq. (56).
The terms proportional to KB13,k and K
B1
4,k in Eq. (56), which have the form of a product of
a parity-odd combination of the heavy-light mesons times a parity-odd combination of the
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light mesons, were omitted in Ref. [10]. They are unlikely to be important in practical
calculations in either HMrSχPT and HMrASχPT since their first contribution is a NLO
correction to the B-B∗-pi vertex.
There are many terms in LB13,a2 , so we separate it for convenience into two parts:
LB13,a2 = LB1,O3,a2 + LB1,P3,a2 . (58)
We then have
LB1,O3,a2 = a2
∑
µ
3∑
k=1
{
icB11,k Tr
(
HHvµ
←
DµOB1,+µ,k − vµ
→
DµHH OB1,+µ,k
)
+icB12,k Tr
(
HHvµ
←
Dµ − vµ→DµHH
)
Tr(OB1,+µ,k )
+cB13,k Tr
(
HHγµγ5{Aµ,OB1,+µ,k }
)
+ cB14,k Tr
(
HHγµγ5Aµ
)
Tr(OB1,+µ,k )
+cB15,k Tr
(
HHγµγ5
)
Tr(AµOB1,+µ,k ) + cB16,k Tr
(
HHγµ[Aµ,OB1,−µ,k ]
)
+icB17,k vµv
µ Tr
(
HHv·←DOB1,+µ,k − v·
→
DHH OB1,+µ,k
)
+icB18,k vµv
µ Tr
(
HHv·←D − v·→DHH
)
Tr(OB1,+µ,k )
+cB19,k vµv
µ Tr
(
HHγνγ5{Aν ,OB1,+µ,k }
)
+ cB110,k vµv
µ Tr
(
HHγνγ5Aν
)
Tr(OB1,+µ,k )
+cB111,k vµv
µ Tr
(
HHγνγ5
)
Tr(AνOB1,+µ,k ) + cB112,k vµvµ Tr
(
HHγν [Aν ,OB1,−µ,k ]
)
+cB113,k v
µ Tr
(
HHγµγ5{v·A,OB1,+µ,k }
)
+ cB114,k v
µ Tr
(
HHγµγ5 v·A
)
Tr(OB1,+µ,k )
+cB115,k v
µ Tr
(
HHγµγ5
)
Tr(v·AOB1,+µ,k ) + cB119,kvµ Tr
(
HHγµν{Aν ,OB1,−µ,k }
)
+cB120,kv
µ Tr
(
HHγµν
)
Tr
(
AνOB1,−µ,k
)}
, (59)
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and
LB1,P3,a2 = a2
∑
µ
{
4∑
k=1
[
cB121,k
(
Tr
(
HHγµγ5P
B1
µ,kAµP˜B1µ,k
)
+ p.c.
)
+cB122,k
(
Tr
(
HHγµγ5P
B1
µ,k
)
Tr
(
AµP˜B1µ,k
)
+ p.c.
)
+cB123,kvµv
µ
(
Tr
(
HHγνγ5P
B1
µ,kAνP˜B1µ,k
)
+ p.c.
)
+cB124,kvµv
µ
(
Tr
(
HHγνγ5P
B1
µ,k
)
Tr
(
AνP˜B1µ,k
)
+ p.c.
)
+cB125,kv
µ
(
Tr
(
HHγµγ5P
B1
µ,kv·A P˜B1µ,k
)
+ p.c.
)
+cB126,kv
µ
(
Tr
(
HHγµγ5P
B1
µ,k
)
Tr
(
v·A P˜B1µ,k
)
+ p.c.
)]
+
∑
k=2,3,4
[
cB129,k
(
Tr
(
HHγµP
B1
µ,kAµP˜B1µ,k
)
+ p.c.
)
+cB130,kvµv
µ
(
Tr
(
HHγνP
B1
µ,kAνP˜B1µ,k
)
+ p.c.
)]
+
∑
k=1,4
[
cB131,k
(
Tr
(
HHγµP
B1
µ,k
)
Tr
(
AµP˜B1µ,k
)
+ p.c.
)
+cB132,kvµv
µ
(
Tr
(
HHγνP
B1
µ,k
)
Tr
(
AνP˜B1µ,k
)
+ p.c.
)]
+cB133,1v
µ
(
Tr
(
HHγµνP
B1
µ,1AνP˜B1µ,1
)
+ p.c.
)
+
∑
k=2,3
[
cB134,kv
µ
(
Tr
(
HHγµνP
B1
µ,k
)
Tr
(
AνP˜B1µ,k
)
+ p.c.
)]}
, (60)
where
PB1µ,1 = iσξ
(n)
µλ σ
† , P˜B1µ,1 ≡ (PB1µ,1 )p.c. = −iσ†ξ(n)λµ σ
PB1µ,2 = σξ
(n)
µ σ , P˜
B1
µ,2 ≡ (PB1µ,2 )p.c. = σ†ξ(n)µ σ†
PB1µ,3 = iσξ
(n)
µ5 σ , P˜
B1
µ,3 ≡ (PB1µ,3 )p.c. = −iσ†ξ(n)5µ σ†
PB1µ,4 = iσξ
(n)
µλ σ
† , P˜B1µ,4 ≡ PB1µ,4 . (61)
A comparison of Eq. (59) with Eq. (59) in Ref. [10] shows that we have dropped the terms
with coefficients cB16,k, c
B
17,k, and c
B
18,k because one can write them as linear combinations of
other terms in the Lagrangian using Eqs. (78) and (82) below and the cyclic property of the
trace. For example, the term with coefficient cB16,k is linearly dependent on the terms with
coefficients cB9,k and c
B
13,k. Terms with coefficients c
B
27,k and c
B
28,k in Eq. (60) of Ref. [10] have
been dropped in Eq. (60) for the same reason.
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For the type-B contributions to the current, we have:
jµ,iΞ2,a2,B1 = a
2
3∑
k=1
∑
ν
{
rB15,k Tr
(
1
2TΞγ
µ(1− γ5)HvνvνOB1,+ν,k σ†λ(i)
)
+rB16,k Tr
(1
2TΞγ
µ(1− γ5)Hσ†λ(i)
)
vνv
ν Tr(OB1,+ν,k )
+rB17,k Tr
(
1
2TΞγ
µ(1− γ5)HvνvνOB1,−ν,k σ†λ(i)
)
+rB18,k Tr
(1
2TΞγ
µ(1− γ5)Hσ†λ(i)
)
vνv
ν Tr(OB1,−ν,k )
+rB19,k Tr
(
1
2TΞγ
µ(1− γ5)HγνvνOB1,+ν,k σ†λ(i)
)
+rB110,k Tr
(1
2TΞγ
µ(1− γ5)Hγνσ†λ(i)
)
vν Tr(OB1,+ν,k )
+rB111,k Tr
(
1
2TΞγ
µ(1− γ5)HγνvνOB1,−ν,k σ†λ(i)
)
+rB112,k Tr
(1
2TΞγ
µ(1− γ5)Hγνσ†λ(i)
)
vν Tr(OB1,−ν,k )
}
. (62)
Here we have omitted terms in Ref. [10] with coefficients r1,k through r4,k. These terms have
the (Lorentz and taste) index ν set to µ and not summed over. We believe such terms are
inconsistent with heavy-quark spin symmetry, which is not broken by light-light four-quark
operators in the SET. In the next subsection, we give a more detailed discussion about
type-B contributions to the current, which will further elucidate the reason for dropping
these terms.
B. Discretization errors at NLO: Heavy-taste breaking terms
We now proceed to determine the chiral representatives of the light-heavy terms in the
SET, Eq. (45). The spin and taste matrices between Q and Q in this case mean that
heavy-quark spin and taste symmetries are broken. The corresponding chiral operators are
completely new, unrelated to those in Ref. [10], and we must determine them from scratch.
That requires defining spurions to make the operators “invariant,” and then constructing
the possible chiral operators in terms of those spurions. Initially, we do not allow additional
derivatives (i.e., either the covariant derivative,
→
Dµ or the axial current A), and find the
chiral operators summarized by the terms LA22,a2 , LB22,a2 , jµ,iΞ2,a2,A2 and jµ,iΞ2,a2,B2 in Eqs. (7) and
(10). We then consider terms with a single additional derivative, which are summarized in
LA23,a2 and LB23,a2 , Eq. (8).
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We take the type-A operator
[
V × P ]lh as an example:
a2O[V×P ]lh ≡ a2 q(γµ ⊗ ξ5)q Q(γµ ⊗ ξ5)Q,
= a2[qL(γµ ⊗ ξ5)qL + qR(γµ ⊗ ξ5)qR] [Q(γµ ⊗ ξ5)Q],
= a2[qL(γµ ⊗ A1)qL + qR(γµ ⊗ A2)qR] [Q
(
B(µ)⊗ C)Q] , (63)
with qL = [(1− γ5)/2] q and qR = [(1 + γ5)/2] q. Note that Eq. (63) is written in Minkowski
space for consistency with the conventions of this paper. We have introduced four spurions,
A1, A2, B(µ), and C, which transform as:
A1 → LA1L† , (64)
A2 → RA2R† , (65)
B(µ) → S B(µ)S† , (66)
C → V CV † . (67)
Here A1 and A2 are light-quark spurions that transform according to the chiral flavor-
taste symmetry, while B(µ) and C transform to maintain the spin and taste symmetry,
respectively, of the heavy quark. We will use them as building blocks for the chiral theory,
and eventually let them take the values
A1 = aξ
(n)
5 ≡ aξ5 ⊗ Iflavor , (68)
A2 = aξ
(n)
5 ≡ aξ5 ⊗ Iflavor , (69)
B(µ) = γµ , (70)
C = aξ5 , (71)
where Iflavor is the identity in flavor space. We employ two separate heavy quark spurions so
that we can let B(µ) take its final value before A1, A2, and C do. This two-stage procedure
is useful in elucidating the implications of Lorentz (or, equivalently, Euclidean rotation)
invariance. Since Lorentz transformations include heavy-quark spin transformations, once
B(µ) is introduced in the last line of Eq. (63), the 4-quark operator no longer transforms
as a Lorentz scalar field. The chiral operators we construct from A1, A2, and B(µ) ⊗ C
will thus be invariants under heavy quark spin, heavy quark taste, and light quark chiral
transformations, but not under Lorentz transformations. However, once we replace B(µ) by
22
γµ (and sum over µ), the 4-quark operator is once again a Lorentz scalar, and so must be
the resulting chiral operators.
In constructing chiral operators from these spurions, we first note that A1 and A2 may
be combined with σ and σ† in order to form objects that transform with U under the light-
quark symmetries. This is convenient because H and H transform in that way, Eq. (24).
We note
σ†A1σ → U (σ†A1σ) U† , (72)
σA2σ
† → U (σA2σ†) U† . (73)
We can now easily make chiral operators that are invariant under heavy and light taste
symmetry and spin symmetry, and are bilinear in B(µ) ⊗ C and A1 or A2. (Terms with
more spurions are higher order.) We find the following operators:
Tr
[
H (B(µ)⊗ C)H Γ1σ†A1σ] , Tr [H (B(µ)⊗ C)H Γ2σA2σ†] ,
Tr
[
H (B(µ)⊗ C)H Γ3]Tr [σ†A1σ] , Tr [H (B(µ)⊗ C)H Γ4]Tr [σA2σ†] ,
where Γ1, · · · ,Γ4 are (for the moment, arbitrary) combinations of γ matrices and components
of the heavy quark velocity v, which are the only additional factors allowed at this order.
Replacing B(µ) by γµ, we may then demand Lorentz (and parity) invariance. The resulting
operators are
vµ Tr
(
HγµCHσ
†A1σ
)
+ vµ Tr
(
HγµCHσA2σ
†) , (74)
Tr
(
HγµCHγ
µσ†A1σ
)
+ Tr
(
HγµCHγ
µσA2σ
†) , (75)
vµ Tr
(
HγµCH
)
Tr
(
σ†A1σ
)
+ vµTr
(
HγµCH
)
Tr
(
σA2σ
†) , (76)
Tr
(
HγµCHγ
µ
)
Tr
(
σ†A1σ
)
+ Tr
(
HγµCHγ
µ
)
Tr
(
σA2σ
†) , (77)
Here, parity invariance requires that A1 and A2 enter symmetrically; there are no parity-odd
bilinears in H and H that could be multiplied by an antisymmetric combination of A1 and
A2. We have also omitted the direct product symbol ⊗ where the meaning is clear from
context. Since Tr
(
σ†A1σ
)
= 0 = Tr
(
σ†A2σ
)
once A1 and A2 take their final values, Eq. (76)
and Eq. (77) may be dropped. On the other hand, various simplifications of terms involving
H and H are possible here and below, due to the overall factors of (1+v/) in their definitions
[Eqs. (21) and (22)], the fact that v2 = 1, and the relation vµB∗µαa = 0 for the vector meson
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field B∗. We list some relations that are useful for simplifying terms:
v/B/∗ = −B/∗v/ ⇒ v/H = −Hv/, (78)
(1 + v/)v/ = (1 + v/), (79)
(1 + v/)γ5(1 + v/) = 0, (80)
(1 + v/)γµ(1 + v/) = (1 + v/)vµ(1 + v/), (81)
(1− v/)γµν(1 + v/) = (1− v/) (γµvν − γνvµ) (1 + v/), (82)
trD(HHγµ) = −vµtrD(HH), (83)
where trD is a trace over Dirac indices only, and Eq. (83) is actually a simple consequence
of Eqs. (78) and (81) and the cyclic property of the trace. With these relations, it is
straightforward show that Eq. (74) and Eq. (75) are both proportional to
a2 Tr
(
Hξ5Hσ
†ξ(n)5 σ
)
+ a2 Tr
(
Hξ5Hσξ
(n)
5 σ
†
)
, (84)
where we wave inserted final values of the spurions from Eqs. (68), (69) and (71). We then
follow the same procedure for other type-A operators. For clarity, we write the terms with
a single trace and terms with two traces separately. First, we list the single-trace terms:
[
S × A] → a2 Tr(Hξ5µHσ†ξ(n)µ5 σ†)+ a2 Tr(Hξ5µHσξ(n)µ5 σ) , (85)[
S × V ] → a2 Tr (HξµHσ†ξ(n)µ σ†)+ a2 Tr (HξµHσξ(n)µ σ) , (86)[
P × A] → 0 , (87)[
P × V ] → 0 , (88)[
T × A] → a2 Tr(Hγλνξ5µHγνλσ†ξ(n)µ5 σ†)+ a2 Tr(Hγλνξ5µHγνλσξ(n)µ5 σ) , (89)[
T × V ] → a2 Tr (HγλνξµHγνλσ†ξ(n)µ σ†)+ a2 Tr (HγλνξµHγνλσξ(n)µ σ) , (90)[
V × S] → a2 Tr (HH) , (91)[
V × P ] → a2 Tr(Hξ5Hσ†ξ(n)5 σ)+ a2 Tr(Hξ5Hσξ(n)5 σ†) , (92)[
V × T ] → a2 Tr(HξνλHσ†ξ(n)λν σ)+ a2 Tr(HξνλHσξ(n)λν σ†) , (93)[
A× S] → a2 Tr (Hγ5µHγµ5) , (94)[
A× P ] → a2 Tr(Hγ5µξ5Hγµ5σ†ξ(n)5 σ)+ a2 Tr(Hγ5µξ5Hγµ5σξ(n)5 σ†) , (95)[
A× T ] → a2 Tr(Hγ5µξνλHγµ5σ†ξ(n)λν σ)+ a2 Tr(Hγ5µξνλHγµ5σξ(n)λν σ†) . (96)
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As before, all twice-repeated indices are summed. The double-trace terms are:
[
S × A] → a2 Tr (Hξ5µH)Tr(σ†ξ(n)µ5 σ†)+ a2 Tr (Hξ5µH)Tr(σξ(n)µ5 σ) , (97)[
S × V ] → a2 Tr (HξµH)Tr (σ†ξ(n)µ σ†)+ a2 Tr (HξµH)Tr (σξ(n)µ σ) , (98)[
P × A] → 0 , (99)[
P × V ] → 0 , (100)[
T × A] → a2 Tr (Hγλνξ5µHγλν)Tr(σ†ξ(n)µ5 σ†)+ a2 Tr (Hγλνξ5µHγλν)Tr(σξ(n)µ5 σ) ,(101)[
T × V ] → a2 Tr (HγλνξµHγλν)Tr (σ†ξ(n)µ σ†)+ a2 Tr (HγλνξµHγλν)Tr (σξ(n)µ σ) , (102)[
V × S] → 0 , (103)[
V × P ] → 0 , (104)[
V × T ] → 0 (105)[
A× S] → 0 , (106)[
A× P ] → 0 , (107)[
A× T ] → 0 . (108)
In Eqs. (85) through (108), we have again used the fact that Lorentz-invariant, parity-odd
bilinears in H and H [such as trD(HHγ5), trD(Hγ
µHγµ5), or trD(Hγ
µνHγνµγ5)] vanish. The
reason for this is that, once the Dirac traces are performed, the only objects from which
to form invariants in the heavy-meson sector are B, B†, B∗µ, B
†∗
ν , and vλ, and it is not
possible to make a Lorentz-invariant bilinear in the meson fields that is parity odd out of
these ingredients. This eliminates the possibility of antisymmetric combinations of the light
quark spurions, multiplied by parity-odd combinations of the heavy-meson fields.
We now consider the type-B operators. The procedure here is a bit more complicated
because these operators violate Lorentz invariance in a particular way, and we must ensure
that the chiral operators do the same. Our approach is based on that introduced by Sharpe
and Van de Water [35] to find light-meson chiral representatives of type-B operators. We
take
[
Tµ × Aµ
]
as an example:
a2O[Tµ×Aµ] ≡ a2
∑
µ
{
ql(γ
µν⊗ξµ5)qlqh(γνµ⊗ξ5µ)qh−ql(γµν5⊗ξµ5)qlqh(γ5νµ⊗ξ5µ)qh
}
. (109)
The second term in this expression removes the Lorentz-singlet component. However, it is
unnecessary to keep both terms here because the second term can be written as a linear
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combination of the first term and
[
T ×A], which has already have been taken into account.
Further, it is useful for the moment to remove the sums (explicit or implicit) over the indices
µ, ν. Thus we are led to consider the operator
a2O(µ, ν) ≡ a2q(γµν ⊗ ξµ5)q Q(γνµ ⊗ ξ5µ)Q,
= a2
[
qL(γµν ⊗ ξµ5)qR + qR(γµν ⊗ ξµ5)qL
][
Q(γνµ ⊗ ξ5µ)Q
]
,
=
[
qL
(
γµν ⊗ A1(µ)
)
qR + qR
(
γµν ⊗ A2(µ)
)
qL
][
Q
(
B(ν, µ)⊗ C(µ))Q], (110)
where µ and ν are fixed. With the spurions A1(µ), A2(µ), and B(ν, µ)⊗ C(µ), we can con-
struct two single-trace O(a2) terms that are invariant under heavy and light taste symmetry
and heavy-quark spin symmetry:
Tr
[
H
(
B(ν, µ)⊗ C(µ))HΓ1 σ†A1(µ)σ†] ,
Tr
[
H
(
B(ν, µ)⊗ C(µ))HΓ2 σA2(µ)σ] , (111)
where Γ1 and Γ2 are as-yet undetermined combinations of γ matrices and components of v.
There are also two-trace versions of these operators, in which the heavy- and light-quark
factors are separately traced, but for simplicity we focus on the single-trace case here.
We now replace the spurion B(ν, µ) with its value γνµ. We also restore the sum over ν
(but not µ), considering chiral representatives of the operator a2O(µ) = a2∑ν O(µ, ν):
a2O(µ) =
[
qLγµνA1(µ)q
R + qRγµνA2(µ)q
L
][
QγνµC(µ)Q
]
(µ fixed) , (112)
with the ⊗ symbols and the sum on ν implicit. The operator O(µ) is the µµ component
of a two-index Lorentz tensor, and is therefore a linear combination of an element of a
symmetric traceless tensor and a Lorentz singlet (the trace). The singlet piece, in which
the sum over the Lorentz index µ is decoupled from the taste label µ of the spurions, is
simply a repeat of the corresponding type-A operator; only the symmetric tensor is new.
Thus the desired chiral operators are µµ components of two-index Lorentz tensors, where
it is not necessary to insist on tracelessness because the trace term again will repeat one of
the type-A chiral operators. From the possibilities in Eq. (111), two independent operators
may now be constructed:
Tr
[
HγνµC(µ)Hγ
µν
(
σ†A1(µ)σ† + σA2(µ)σ
)]
,
Tr
[
HγνµC(µ)Hγ
µνγ5
(
σ†A1(µ)σ† − σA2(µ)σ
)]
, (113)
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with µ still fixed. Using Eqs. (78) through (82), it is not hard to show that choices other than
γµν for the Γi factors following the H field either vanish identically (e.g., for the choice γ
µvν)
or are proportional to one of the terms listed (e.g., for the choice vµγν). The symmetric
combination of A1 and A2 in the first term, as well as the antisymmetric combination in the
second, are required by parity.
Finally, we put in the fixed values of the spurions A1(µ), A2(µ), and C(µ), and restore
the sum on µ, giving the two operators
a2
∑
µ
{
Tr
[
Hγνµξ5µHγ
µν
(
σ†ξ(n)µ5 σ
† + σξ(n)µ5 σ
)]}
, (114)
a2
∑
µ
{
Tr
[
Hγνµξ5µHγ
µνγ5
(
σ†ξ(n)µ5 σ
† − σξ(n)µ5 σ
)]}
. (115)
As mentioned earlier, terms like Eq. (115) (odd in the light spurions) are ruled out in the
type-A case by parity and Lorentz invariance. Here, however, Lorentz invariance is broken,
and trD
(
HγνµHγ
µνγ5
)
does not vanish since the sum on µ is not free, but coupled to the
taste sum. Further, one can check that the term in Eq. (115) is Hermitian and time-reversal
invariant; for details of how time-reversal symmetry acts on relevant quantities, see Ref. [10],
Sec. III D.
We derive the other type-B terms similarly. For clarity, we write the single-trace terms
and the double-trace terms separately. The single-trace terms are:
[
Tµ × Aµ
] → a2∑
µ
{
Tr
[
Hγνµξ5µHγ
µν
(
σ†ξ(n)µ5 σ
† + σξ(n)µ5 σ
)]}
,
a2
∑
µ
{
Tr
[
Hγνµξ5µHγ
µνγ5
(
σ†ξ(n)µ5 σ
† − σξ(n)µ5 σ
)]}
; (116)
[
Tµ × Vµ
] → a2∑
µ
{
Tr
[
HγνµξµHγ
µν
(
σ†ξ(n)µ σ
† + σξ(n)µ σ
)]}
,
a2
∑
µ
{
Tr
[
HγνµξµHγ
µνγ5
(
σ†ξ(n)µ σ
† − σξ(n)µ σ
)]}
; (117)
[
Aµ × Tµ
] → a2∑
µ
{
Tr
[
Hγ5µξνµHγ
µ5
(
σ†ξ(n)µν σ + σξ
(n)
µν σ
†)]} ,
a2
∑
µ
{
Tr
[
Hγ5µξνµHγ
µ
(
σ†ξ(n)µν σ − σξ(n)µν σ†
)]}
; (118)
[
Vµ × Tµ
] → a2∑
µ
{
vµvµ Tr
[
HξνµH
(
σ†ξ(n)µν σ + σξ
(n)
µν σ
†)]} ,
a2
∑
µ
{
vµ Tr
[
HξνµHγµ5
(
σ†ξ(n)µν σ − σξ(n)µν σ†
)]}
. (119)
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The double-trace terms are:
[
Tµ × Aµ
] → a2∑
µ
Tr
(
Hγνµξ5µHγ
µν
){
Tr
(
σ†ξ(n)µ5 σ
†
)
+ Tr
(
σξ
(n)
µ5 σ
)}
,
a2
∑
µ
Tr
(
Hγνµξ5µHγ
µνγ5
){
Tr
(
σ†ξ(n)µ5 σ
†
)
− Tr
(
σξ
(n)
µ5 σ
)}
; (120)
[
Tµ × Vµ
] → a2∑
µ
Tr
(
HγνµξµHγ
µν
) {
Tr
(
σ†ξ(n)µ σ
†)+ Tr (σξ(n)µ σ)} ,
a2
∑
µ
Tr
(
HγνµξµHγ
µνγ5
) {
Tr
(
σ†ξ(n)µ σ
†)− Tr (σξ(n)µ σ)} ; (121)[
Aµ × Tµ
] → 0 , (122)[
Vµ × Tµ
] → 0 . (123)
The Lagrangian terms LA22,a2 and LB22,a2 , Eq. (7), collect the (heavy-quark taste violating)
chiral operators that we have derived so far. To make the notation a bit more compact, we
first define the operators:
P±5 =
1
2
(σξ
(n)
5 σ
† ± p.c.),
P±µν =
1
2
(σξ(n)µν σ
† ± p.c.),
P±µ =
1
2
(σξ(n)µ σ ± p.c.),
P±µ5 =
1
2
(σξ
(n)
µ5 σ ± p.c.) . (124)
We then have
LA22,a2 = a2
{
KA21,0 Tr
(
HH
)
+KA21,1 Tr
(
Hξ5HP
+
5
)
+KA21,2 Tr
(
HξµHP
+
µ
)
+KA21,3 Tr
(
Hξ5µHP
+
µ5
)
+KA21,4 Tr
(
HξµνHP
+
νµ
)
+KA21,5 Tr
(
Hγ5µHγ
µ5
)
+KA21,6 Tr
(
Hγ5µξ5Hγ
µ5P+5
)
+KA21,7 Tr
(
HγµνξλHγ
νµP+λ
)
+KA21,8 Tr
(
Hγµνξ5λHγ
νµP+λ5
)
+KA21,9 Tr
(
Hγ5µξνλHγ
µ5P+λν
)
(125)
+KA22,1 Tr
(
HξµH
)
Tr
(
P+µ
)
+KA22,2 Tr
(
Hξ5µH
)
Tr
(
P+µ5
)
+KA22,3 Tr
(
HγµνξλHγ
νµ
)
Tr
(
P+λ
)
+KA22,4 Tr
(
Hγµνξ5λHγ
νµ
)
Tr
(
P+λ5
)}
,
where ten terms are single-trace and four are double-trace. For completeness we have kept
the trivial term a2KA21,0 Tr
(
HH
)
even though it does not break any symmetries and just
gives equal mass shifts to all tastes of pseudoscalar and vector heavy-light mesons. In fact,
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this term also would appear in LA12,a2 but was dropped from Ref. [10] due to its triviality. It
is worth mentioning that the terms breaking the spin symmetry by γµν in Eq. (125) can be
replaced with simpler terms using the following identity:
HγµνTΞHγ
νµ = Hγ5γµνTΞHγ5γ
νµ = −2Hγ5ρTΞHγρ5, (126)
where the first equality follows from the fact that the γ5 factors just interchange the com-
ponents of γµν , and the second can be proved using Eqs. (79), (80) and (82).
For LB22,a2 we have
LB22,a2 = a2
∑
µ
{
KB21,1 Tr
(
HγνµξµHγ
µνP+µ
)
+KB21,2 Tr
(
Hγνµξ5µHγ
µνP+µ5
)
+KB21,3v
µvµ Tr
(
HξνµHP
+
µν
)
+KB21,4 Tr
(
Hγ5µξνµHγ
µ5P+µν
)
+KB21,5 Tr
(
HγνµξµHγ
µνγ5P
−
µ
)
+KB21,6 Tr
(
Hγνµξ5µHγ
µνγ5P
−
µ5
)
+KB21,7v
µ Tr
(
HξνµHγµ5P
−
µν
)
+KB21,8v
µ Tr
(
Hγ5µξνµHP
−
µν
)
(127)
+KB22,1 Tr
(
HγνµξµHγ
µν
)
Tr
(
P+µ
)
+KB22,2 Tr
(
Hγνµξ5µHγ
µν
)
Tr
(
P+µ5
)
+KB22,3 Tr
(
HγνµξµHγ
µνγ5
)
Tr
(
P−µ
)
+KB22,4 Tr
(
Hγνµξ5µHγ
µνγ5
)
Tr
(
P−µ5
)}
.
where eight terms are single-trace and four are double-trace.
There are a large number of terms contributing to the remaining NLO parts of the La-
grangian, LA23,a2 and LB23,a2 . An extra derivative, either in the form of the covariant derivative
Dν or the axial current Aν , can be added to the terms in LA22,a2 and LB22,a2 in many ways when
one takes into account the ordering of terms and the various possibilities for contracting
indices. Faced with this explosion of terms, we content ourselves with listing some represen-
tative contributions. For all practical applications at NLO that we can envision, this will be
sufficient, since in a lattice computation of some physical quantity one is only interested in
knowing what analytic terms are possible, and whether the coefficients of these terms are
linearly dependent or independent, and not in knowing how to write those coefficients as
combinations of the low energy constants in the chiral Lagrangian. This is the case for the
heavy-light decay constant, discussed in Sec. V. For the NLO taste splittings of the masses
of heavy-light mesons, treated Sec. IV, the quantities LA23,a2 and LB23,a2 are in fact irrelevant,
because they either have an extra factor of the residual momentum k, which vanishes on
shell at this order, or because they have an extra pion field at tree level.
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Some representative contributions to LA23,a2 are:
LA23,a2 = a2
{[
icA21,0 Tr
(
HHv·←D − v·→DHH
)
+ · · ·
+ icA21,9 Tr
(
Hγ5µξνλHγ
µ5v·←DP+λν − v·
→
DHγ5µξνλHγ
µ5P+λν
)]
+
[
icA22,1 Tr
(
HξµHv·←D − v·→DHξµH
)
Tr
(
P+µ
)
+ · · ·
+ icA22,4 Tr
(
Hγµνξ5λHγ
νµv·←D − v·→DHγµνξ5λHγνµ
)
Tr
(
P+λ5
)]
+
[
cA23,0 Tr
(
HHγσγ5Aσ
)
+ · · ·+ cA23,9 Tr
(
Hγ5µξνλHγ
µ5γσγ5{Aσ, P+λν}
)]
+
[
cA24,1 Tr
(
HξµHγσγ5Aσ
)
Tr
(
P+µ
)
+ · · ·+ cA24,4 Tr
(
Hγµνξ5λHγ
νµγσγ5Aσ
)
Tr
(
P+λ5
)]
+
[
cA25,1 Tr
(
Hξ5Hγσγ5
)
Tr
(
AσP+5
)
+ · · ·+ cA25,9 Tr
(
Hγ5µξνλHγ
µ5γσγ5
)
Tr
(
AσP+λν
)]
+
[
cA26,1 Tr
(
Hξ5Hγσγ5[Aσ, P−5 ]
)
+ · · ·+ cA26,9 Tr
(
Hγ5µξνλHγ
µ5γσγ5[Aσ, P−λν ]
)]
+ · · ·
}
. (128)
The expressions inside of each square bracket are constructed by adding a derivative-
containing factor in the same way to each of the single-trace or the double-trace terms
of Eq. (125), so the ellipses in the square brackets may easily be filled in if desired. On the
other hand, the final ellipsis in Eq. (128) represents entirely new terms in which the oper-
ators breaking the heavy-quark spin symmetry are contracted with Aµ or Dµ. An example
is
Tr
(
Hγ5µξνλH{Aµ, P+λν}
)
. (129)
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Similarly, for LB23,a2 we have:
LB23,a2 = a2
∑
µ
{[
icB21,1 Tr
(
HγνµξµHv·←DγµνP+µ − v·
→
DHγνµξµHγ
µνP+µ
)
+ · · ·
]
+
[
icB22,1 Tr
(
HγνµξµHv·←Dγµν − v·→DHγνµξµHγµν
)
Tr
(
P+µ
)
+ · · ·
]
+
[
cB23,1 Tr
(
HγνµξµHγ
µνγσγ5{Aσ, P+µ }
)
+ · · ·
]
+
[
cB24,1 Tr
(
HγνµξµHγ
µνγσγ5Aσ
)
Tr
(
P+µ
)
+ · · ·
]
+
[
cB25,1 Tr
(
HγνµξµHγ
µνγσγ5
)
Tr
(
AσP+5
)
+ · · ·
]
+
[
cA26,1 Tr
(
HγνµξµHγ
µνγσγ5[Aσ, P−5 ]
)
+ · · ·
]
+ · · ·
}
. (130)
The case of the type-A contributions to the current, jµ,iΞ2,a2,A2, is more straightforward,
since we need only insert the heavy-quark and light-quark spurions, without any additional
derivatives, and Lorentz invariance is not broken. Still, there are many terms, since parity
places no restrictions on the low energy constants in the left-handed current, but merely
relates them to those of the right-handed current. Further, many of the simplifying relations,
Eqs. (78) through (83), have no counterpart in the current, where there is only a single
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heavy-meson field. We therefore again only give some representative terms:
jµ,iΞ2,a2,A2 = a
2
{
rA20,0 Tr
(1
2TΞγ
µ(1− γ5)Hσ†λ(i)
)
+ rA20,1 Tr
(1
2TΞγ
µ(1− γ5)γνHγνσ†λ(i)
)
+ rA21,1 Tr
(1
2TΞγ
µ(1− γ5)ξ5HP+5 σ†λ(i)
)
+ rA21,2 Tr
(1
2TΞγ
µ(1− γ5)ξρHP+ρ σ†λ(i)
)
+ rA21,3 Tr
(1
2TΞγ
µ(1− γ5)ξ5ρHP+ρ5σ†λ(i)
)
+ rA21,4 Tr
(1
2TΞγ
µ(1− γ5)ξβρHP+ρβσ†λ(i)
)
+ rA21,5 Tr
(1
2TΞγ
µ(1− γ5)γνξ5HγνP+5 σ†λ(i)
)
+ rA21,6 Tr
(1
2TΞγ
µ(1− γ5)γνβξρHγβvνP+ρ σ†λ(i)
)
+ rA21,7 Tr
(1
2TΞγ
µ(1− γ5)γνβξ5ρHγβvνP+ρ5σ†λ(i)
)
+ rA21,8 Tr
(1
2TΞγ
µ(1− γ5)γνξβρHγνP+ρβσ†λ(i)
)
+ rA22,1 Tr
(1
2TΞγ
µ(1− γ5)ξρHσ†λ(i)
)
Tr
(
P+ρ
)
+ · · ·
+ rA23,1 Tr
(1
2TΞγ
µ(1− γ5)ξ5HP−5 σ†λ(i)
)
+ · · ·
+ rA24,1 Tr
(1
2TΞγ
µ(1− γ5)ξρHσ†λ(i)
)
Tr
(
P−ρ
)
+ · · ·
}
. (131)
Here we have divided the terms into five sub-classes: terms with no P± factors, single traces
with P+, double traces with P+, single traces with P−, and double traces with P−. The
terms with no factors of P± (coefficients rA20,0 and r
A2
0,1) are rather trivial and break no taste
symmetries, although the second does break heavy-quark spin symmetry. The ellipses in
Eq. (131) may easily be filled based on the terms of the sub-class of single traces with P+.
In deriving Eq. (131) we have used the fact that a factor of γ5 before or after the H field has
no (nontrivial) effect, due to the presence of the left projector, (1− γ5). Thus, for example,
terms generated by [A×S], [A×P ], and [A×T ] are identical to those from [V ×S], [V ×P ],
[V × T ], respectively.
As we will see more explicitly in the discussion of jµ,iΞ2,a2,B2 that follows, the Lorentz struc-
tures that follow H in Eq. (131) are not fixed by the spurions, but can be any combination
of the available four-vectors γα and vλ consistent with Lorentz invariance. For example, the
factor γβvν following H in the rA21,6 term, could also in principle be replaced by γ
βν . However,
such a term would vanish due to the identity γβνγµγνβ = 0.
Finally we turn to the type-B contributions to the current, jµ,iΞ2,a2,B2. The reasoning is very
similar in principle to that for the type-B Lagrangian, but the presence of an additional
Lorentz index in the current increases the complexity, so we describe some of the details.
Up to this point, we have not explicitly employed a formal spurion analysis for the current,
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but it now becomes necessary. At the SET/HQET level, the left-handed current is
jµ,iΞ = q¯
(
λ(i) 12T
Ξγµ(1− γ5)
)
Q = q¯
(
F (µ)⊗ E)Q , (132)
where we have introduced a taste spurion E and a spin spurion F (µ). They transform as
E → LEV †, [⇒ σ†E → Uσ†EV †] , (133)
F (µ) → F (µ)S† , (134)
and ultimately take the values
E = λ(i) 12T
Ξ , (135)
F (µ) = γµ(1− γ5) . (136)
For an example, we again take the [Tµ × Aµ] type-B operator, and introduce spurions
for it as in Eq. (112), except we replace the index µ there with ν (and ν with β) so as not
to conflict with the index of the current. The terms we seek are trilinear in the spurions
F (µ) ⊗ E, B(β, ν) ⊗ C(ν), and either A1(ν) or A2(ν). Since parity does not constrain the
terms in the current, we use just A1(ν) in this example. Demanding heavy and light taste
symmetry and heavy-quark spin symmetry, a possible chiral operator has the form
Tr
{(
F (µ)⊗ σ†E)(B(β, ν)⊗ C(ν))HΓσ†A1(ν)σ†} , (137)
where µ, ν, and β are fixed, and Γ is some combination of components of γ matrices and of
v, to be determined.
After replacing the spin spurions F (µ) and B(β, ν) with their values, and reintroducing
the sum over β, the current becomes the µ component of a Lorentz vector, and the 4-quark
operator becomes the ν
ν component of a symmetric two-index tensor. As before, we may
take the latter to be traceless. At the SET level, call the three-index tensor coming from
the product of the two representations X. As worked out in Appendix A, the element
Xµ νν is a linear combination of elements of three irreducible representations: a completely
symmetric traceless three-index tensor (S), a three-index tensor with mixed symmetry (A),
and a vector (W ). From Lorentz symmetry alone, the chiral operators for each of these
three representations could have independent LECs. Fixing the spin spurions in Eq. (137),
however, tells us that the corresponding chiral operator is required by spin symmetry to
have the form
X˜µ νν = Tr
{
σ†Eγµ(1− γ5)γβνC(ν)H Γνβσ†A1(ν)σ†
}
, (138)
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with an implicit sum over β, but not over ν. Given a choice for Γνβ (for example, vνvβ), the
corresponding elements of the individual representations at the chiral level, S˜µ νν , A˜
µ ν
ν , and
W˜ µ, which are formed by permuting indices and taking traces of X˜, will not in general have
the form of Eq. (138) unless the properties of H and the Dirac trace conspire to allow them to
be rewritten in that form. We have checked that, for the four possible choices for Γνβ (γνγβ,
γνvβ, vνγβ, and vνvβ), the generic situation obtains.3 Thus the relative normalization of the
LECs of the individual representations are fixed to be the same as in Eq. (A7), and X˜µ νν is
the only possible chiral operator. Setting the remaining spurions to their fixed values, and
restoring the sum over ν, then gives the final chiral operators. For the choice Γνβ = γνγβ,
we find the operators
Tr
{1
2TΞγ
µ(1− γ5)γνβξ5νHγβνP±ν5σ†λ(i)
}
, (139)
where P±ν5 arises from the sum and difference of Eq. (138) with the corresponding operator
after the replacement A1(ν)→ A2(ν).
Following this procedure for other heavy-light terms in the SET, we then have
jµ,iΞ2,a2,B2 = a
2
∑
ν
{
rB21,1 Tr
(1
2TΞγ
µ(1− γ5)γνβξνHγβνP+ν σ†λ(i)
)
+ rB21,2 Tr
(1
2TΞγ
µ(1− γ5)γνβξ5νHγβνP+ν5σ†λ(i)
)
+ rA21,3 Tr
(1
2TΞγ
µ(1− γ5)γνξνρHγνP+ρνσ†λ(i)
)
+ rA21,4 Tr
(1
2TΞγ
µ(1− γ5)γνξνρHvνP+ρνσ†λ(i)
)
+ · · ·
+ rB22,1 Tr
(1
2TΞγ
µ(1− γ5)γνβξνHγβνσ†λ(i)
)
Tr
(
P+ν
)
+ · · ·
+ rB23,1 Tr
(1
2TΞγ
µ(1− γ5)γνβξνHγβνP−ν σ†λ(i)
)
+ · · ·
+ rB24,1 Tr
(1
2TΞγ
µ(1− γ5)γνβξνHγβνσ†λ(i)
)
Tr
(
P−ν
)
+ · · ·
}
, (140)
where again we have not written the complete set of contributions, but only some represen-
tative terms.
One can use a similar spurion analysis to check the type-B contributions to the current
coming from the light-light four-quark operators, Eq. (62). In that case, the only Dirac
matrix coming before the H field is the γµ(1 − γ5) spin spurion from the current, and the
3 Note that the trivial choice Γνβ = δνβ vanishes after the trace on ν = β is subtracted, so only a type-A
chiral operator can be formed in that way.
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matrix corresponding to Γνβ after H is simply the ν
ν component of a two-index symmetric,
traceless tensor. The choices vνv
ν and vνγ
ν for this matrix (γνγ
ν is clearly trivial) give the
terms in Eq. (62). The incorrect additional terms listed in Ref. [10] came from ignoring the
consequences of heavy-quark spin symmetry, and using Lorentz-symmetry considerations
only.
This completes the discussion of the effects of light-heavy terms in the SET, Eq. (45).
There are still the heavy-heavy terms, Eq. (46) to consider. However, it is now easy to
see that the heavy-heavy terms do not produce any new nontrivial chiral operators in the
Lagrangian or current. These 4-quark operators contain two heavy-quark spurions, and no
light-quark spurions. Since the heavy-quark spurions transform on both sides with heavy-
quark spin matrices and heavy-quark taste matrices, they both must be placed between the
H and H fields in the Lagrangian. One then just gets the product of the two spurions,
which is proportional to the identity. So the heavy-heavy 4-quark operators in the SET
lead simply to trivial chiral Lagrangian operators, which are already present as the first
operators in Eqs. (125) and (128). For the same reason, they lead to a trivial current
operator, a2Tr
(
1
2
TΞγ
µ(1− γ5)Hσ†λ(i)
)
, which does not break any symmetries and just adds
a constant term proportional to a2 to any LO matrix element.
IV. TASTE SPLITTINGS OF HEAVY-LIGHT MESON MASSES
In this section, we calculate the mass splitting between heavy-light mesons of different
tastes in terms of the low energy constants in the chiral Lagrangian. With reasonable
assumptions about which operators give dominant effects, we are able to explain the observed
pattern of taste splittings.
We first show that the one-loop diagrams give taste-invariant masses to the heavy-light
mesons, even though the diagrams contain pion propagators, which break taste symmetry.
Taste-independence of one-loop chiral logs follows from the exact SU(4) taste symmetry of
the heavy quark at LO in the chiral theory, as well as the shift symmetry of the staggered
action [13]. The latter can be represented at the SET and chiral levels as an exact, discrete
taste symmetry that acts jointly on both heavy and light quarks [14]. This symmetry is
qi → (I ⊗ ξν)qi , q¯i → q¯i(I ⊗ ξν) , (141)
Q→ (I ⊗ ξν)Q , Q¯→ Q¯(I ⊗ ξν) , (142)
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at the level of the Symanzik action, and
Σ → ξ(n)ν Σξ(n)ν ,
σ → ξ(n)ν σξ(n)ν ,
H → ξνHξ(n)ν ,
H → ξ(n)ν Hξν , (143)
at the chiral level. Note that the symmetry is diagonal in flavor; the transformation acts
only on the taste indices and affects all light quark flavors, as well as the heavy quark,
identically.
Using the SU(4) heavy-quark taste symmetry of the LO Lagrangian, one can undo the
action of the discrete taste symmetry on the heavy quark. Taking V = ξν in Eq. (25), we
have the following symmetry of the LO Lagrangian:
Σ → ξ(n)ν Σξ(n)ν ,
σ → ξ(n)ν σξ(n)ν ,
H → Hξ(n)ν ,
H → ξ(n)ν H , (144)
We call this symmetry light-quark discrete taste symmetry . In applying it, it is convenient
to think of H in the way described above Eq. (27), as a light flavor vector (index i) with
components that are 4× 4 taste matrices
Hαβi =
16∑
Ξ=1
1
2T
αβ
Ξ HiΞ . (145)
Here α and β are the heavy and light quark tastes, respectively.
We can now show that the heavy-light meson propagator is taste invariant if the SU(4)
heavy-quark taste symmetry is exact. This implies that the one-loop diagrams for the
propagator are taste invariant, since they use LO propagators and vertices. Consider the
propagator
〈0|Hαβi (x)H
β′α′
j (y)|0〉 ≡ δijKαα
′
(β, β′, x, y, i) , (146)
where we have used flavor conservation. Then the heavy taste symmetry implies
Kαα
′
= (V KV †)αα
′
(147)
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for any SU(4) taste transformation V . Thus K is proportional to the identity, which gives
〈0|Hαβi (x)H
β′α′
j (y)|0〉 ≡ δijδαα
′
Gβ
′β(x, y, i) = δijδ
αα′
16∑
Ξ=1
1
2T
β′β
Ξ gΞ(x, y, i) , (148)
where we have defined (equivalent) new functions Gβ
′β and gΞ. Light-quark discrete taste
symmetry, Eq. (144), implies
16∑
Ξ=1
TΞ gΞ(x, y, i) =
16∑
Ξ=1
ξνTΞξν gΞ(x, y, i) . (149)
Each TΞ has a unique signature of four signs determined by whether ξνTΞξν is +TΞ or −TΞ,
for ν = 1, · · · , 4. Clearly only TΞ = I has signature (+,+,+,+). One may then conclude
from Eq. (149) that gΞ = 0 for Ξ 6= I and
〈0|Hαβi (x)H
β′α′
j (y)|0〉 = 12δijδαα
′
δββ
′
gI(x, y, i) . (150)
Multiplying with 12T
βα
Ξ and
1
2T
α′β′
Ξ′ and summing repeated indices gives the final form
〈0|HiΞ(x)HjΞ′(y)|0〉 = 12δijδΞΞ′ gI(x, y, i) . (151)
Thus the one-loop heavy-light meson propagator is taste invariant, so the masses (as well
as the wave function renormalization) at one-loop are invariant. This means that all taste-
violations in the heavy-light masses at NLO come from the NLO terms in the HMrASχPT
Lagrangian, treated at tree level, and may be analyzed straightforwardly.
From now on we refer to the heavy-light pseudoscalar meson as a D (not B) meson,
because the lattice data from MILC that we show later is for D mesons. To determine
the taste splittings in the meson masses, we need only consider the taste-violating NLO
Lagrangian terms LA12,a2 , LB12,a2 , LA22,a2 and LB22,a2 . Taste-violating terms in L3 lead only to
wave-function renormalization, since the LO pole in the propagator is at residual momentum
k = 0, and these terms either have an addition factor of k or at least one pion field. Further,
one easily sees that LA12,a2 and LB12,a2 , Eqs. (51) and (56), produce no taste splittings of D
mesons because their taste-noninvariant factors, OA1,+k and OB1,+µ,k [Eqs. (53) and (57)], either
vanish or go to the identity matrix when there are no pion fields at tree level. Thus taste
splittings of D meson masses at NLO (i.e., O(a2)) come only from the terms that break
heavy-quark taste and spin symmetry, namely LA22,a2 and LB22,a2 . From Eqs. (125) and (127),
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we can then easily find all the terms that contribute to taste splittings of the D masses at
O(a2):
δLmQ = a2
{
KA21,1 Tr
(
Hξ5Hξ5
)
+KA21,2 Tr
(
HξµHξµ
)
+KA21,3 Tr
(
Hξ5µHξµ5
)
+KA21,4 Tr
(
HξµνHξνµ
)
+KA21,6 Tr
(
Hγ5µξ5Hγ
µ5ξ5
)
+KA21,7 Tr
(
HγµνξλHγ
νµξλ
)
+KA21,8 Tr
(
Hγµνξ5λHγ
νµξλ5
)
+KA21,9 Tr
(
Hγ5µξνλHγ
µ5ξλν
)}
+ a2
∑
µ
{
KB21,1 Tr
(
HγνµξµHγ
µνξµ
)
+KB21,2 Tr
(
Hγνµξ5µHγ
µνξµ5
)
+KB21,3v
µvµ Tr
(
HξνµHξµν
)
+KB21,4 Tr
(
Hγ5µξνµHγ
µ5ξµν
)}
, (152)
where we have set the pion fields σ and σ† to the identity. The sum of the mass contributions
from these terms has the form
δLmQ = −
∑
Ξ
D†ΞDΞ4mQ(TΞ) + · · · , (153)
where 4mQ(TΞ) is the mass shift of the D meson with taste Ξ, and · · · represents D∗ mass
terms, which we are not interested in here.
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TABLE I: Taste splittings due to type-A operators
4mQ(.) ξ5 ξµ5 ξµν ξµ I
2a2(KA21,1 − 3KA21,6) +1 -1 +1 -1 +1
2a2(KA21,2 + 6K
A2
1,7) -4 +2 0 -2 +4
2a2(KA21,3 + 6K
A2
1,8) -4 -2 0 +2 +4
2a2(KA21,4 − 3KA21,9) +12 0 -4 0 +12
For a static D meson, where vi = 0, the corrections on the D masses from δLmQ are:
4mQ(ξ5) = 2a2
{
(KA21,1 − 3KA21,6)− 4(KA21,2 + 6KA21,7)− 4(KA21,3 + 6KA21,8)
+ 12(KA21,4 − 3KA21,9)− 6KB21,1 − 6KB21,2 + 3KB21,3 − 9KB21,4
}
(154)
4mQ(ξ05) = 2a2
{
− (KA21,1 − 3KA21,6) + 2(KA21,2 + 6KA21,7)− 2(KA21,3 + 6KA21,8)
+ 6KB21,1 − 6KB21,2 − 3KB21,3 − 3KB21,4
}
(155)
4mQ(ξi5) = 2a2
{
− (KA21,1 − 3KA21,6) + 2(KA21,2 + 6KA21,7)− 2(KA21,3 + 6KA21,8)
+ 2KB21,1 − 2KB21,2 +KB21,3 +KB21,4
}
(156)
4mQ(ξij) = 2a2
{
(KA21,1 − 3KA21,6)− 4(KA21,4 − 3KA21,9)− 2KB21,1 − 2KB21,2
−KB21,3 + 3KB21,4
}
(157)
4mQ(ξi0) = 2a2
{
(KA21,1 − 3KA21,6)− 4(KA21,4 − 3KA21,9) + 2KB21,1 + 2KB21,2
−KB21,3 + 3KB21,4
}
(158)
4mQ(ξi) = 2a2
{
− (KA21,1 − 3KA21,6)− 2(KA21,2 + 6KA21,7) + 2(KA21,3 + 6KA21,8)
− 2KB21,1 + 2KB21,2 +KB21,3 +KB21,4
}
(159)
4mQ(ξ0) = 2a2
{
− (KA21,1 − 3KA21,6)− 2(KA21,2 + 6KA21,7) + 2(KA21,3 + 6KA21,8)
− 6KB21,1 + 6KB21,2 − 3KB21,3 − 3KB21,4
}
(160)
4mQ(I) = 2a2
{
(KA21,1 − 3KA21,6) + 4(KA21,2 + 6KA21,7) + 4(KA21,3 + 6KA21,8)
+ 12(KA21,4 − 3KA21,9) + 6KB21,1 + 6KB21,2 + 3KB21,3 − 9KB21,4
}
(161)
The results are summarized in Tables I and II, which help us see the patterns of taste
splittings.
The type-A terms split the heavy-light masses into the five SO(4) taste multiplets: P,
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TABLE II: Taste splittings due to type-B operators
4mQ(.) ξ5 ξ05 ξi5 ξij ξi0 ξi ξ0 I
2a2KB21,1 -6 +6 +2 -2 +2 -2 -6 +6
2a2KB21,2 -6 -6 -2 -2 +2 +2 +6 +6
2a2KB21,3 +3 -3 +1 -1 -1 +1 -3 +3
2a2KB21,4 -9 -3 +1 +3 +3 +1 -3 -9
A, T, V and S (pseudoscalar, axial-vector, tensor, vector and singlet tastes). The type-B
terms split these multiplets and give different masses to the time and spatial components,
such as ξ0 and ξi for the vector taste multiplet. The staggered lattice symmetries guarantee
that the eight multiplets shown in Table II cannot be be broken further; for example, the
three tastes ξi must remain degenerate. On the other hand, it is straightforward to check
that any pattern of splitting of the eight multiplets is possible, given arbitrary values of the
parameters KA21,n and K
B2
1,m.
Further progress in understanding the actual pattern of splittings determined in simu-
lations is therefore only possible with some assumptions about which of the corresponding
chiral operators are likely to give dominant contributions to the masses. Experience with
the pion (light-light pseudoscalar) splittings is helpful in guiding these assumptions, so we
first review what happens in that case. The staggered pion masses at LO are
m2ab,Ξ = µ(ma +mb) + a
2∆Ξ , (162)
where ma and mb are light quark masses, µ is the low-energy constant from Eq. (11), and
a2∆Ξ is the splitting of taste Ξ. The pions have SO(4) taste symmetry; their masses form
five multiplets with tastes P, A, T, V and S. Simulations with the asqtad and HISQ actions
give approximately equal splittings of squared masses between the P, A, T, V and S tastes
(and with that ordering, from lowest to highest) [9, 24, 36]. These equal splittings imply that
the dominant chiral operator contributing to taste splittings of pion masses is the operator
multiplied by C4 in −a2VΣ, Eq. (15), namely
a2
[
Tr(ξ
(n)
ν5 Σξ
(n)
5ν Σ) + h.c.
]
. (163)
This operator is generated by the four-quark operators [S×A]ll, [P×A]ll and [T×A]ll in the
SET, Eq. (44). Note that, for the pions, only type-A operators are relevant at LO, because
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type-B operators have no chiral representatives to this order. The non-trivial space-time
structure in the type-B case requires more at least two derivatives in the light-light chiral
operators, making their representatives NLO in the chiral expansion [7].
We now carry over this experience to the heavy-light case. We have assumed above that
the lattice is sufficiently fine, or the charmed quark is sufficiently improved, that it may
treated as a “continuum-like,” and corrections of order (amQ)
2 may be neglected. This
means that the contributions of the heavy quark to the SET are identical to those of a
light quark. In particular, the same four-quark operators that dominated for light quarks,
namely [S ×A], [P ×A] and [T ×A], are expected to be the dominant type-A operators in
the heavy-light case. Taste splittings of heavy-light meson masses can come only from the
“heavy-light” versions of these operators. From Eqs. (85), (87) and (89), these operators
give rise to chiral representatives with coefficients KA21,3 and K
A2
1,8 in Eq. (152). From Table I,
we then deduce the same equal-spacing pattern for heavy-light SO(4) representations that
is familiar from the pions. For type-B operators, one may guess that the [Tµ × Aµ] SET
operator would be dominant, since it is the only type-B operator that has the same spin and
taste as one of the dominant type-A operators. From Eq. (116), this four-quark operator
gives rise to the chiral representative with coefficient KB21,2 in Eq. (152). Referring to the
second line of Table II, we see that this operator produces equal splitting within the A, T,
and V SO(4) multiplets. Further, the multiplicity-weighted average splitting between SO(4)
multiplets for this type-B operator is the same as for the dominant type-A operators (equal
splitting with the order P, A, T, V, S), so this operator does not spoil that overall SO(4)
pattern, but only produces splittings within multiplets.
The patterns of splitting expected from the discussion in the previous paragraph are
qualitatively present in the MILC data, shown in Fig. 1. Note in particular the “sc” case,
which gives heavy-light meson splittings with small enough errors that the pattern of SO(4)
breaking is clear. It is non-trivial that the time component of taste is higher than the space
components in two cases (ξ0 vs. ξi and ξi0 vs. ξij) but not in the third case (ξ05 vs. ξi5), just
as in the second line of Table II. Further, the figure shows roughly equal splittings within
SO(4) multiplets, as well as between (the center of gravity of) SO(4) multiplets. Although
the chiral theory is not applicable to the “cc” case, it is interesting to see that the structure
that would correspond to the dominant type-B operator gets particularly strong there, with
near degeneracies of between members of different SO(4) multiplets, in particular ξ0 and I,
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or ξi0 and ξi.
FIG. 1: Meson mass splitting for the MILC HISQ ensemble at a ≈ 0.15 fm and ml = 0.2ms [9].
Squared mass splitting between pions of different tastes and the Goldstone pion in units of r1 are
shown. The types of quarks in the mesons are shown on the abscissa: l, s, and c stand for light
(u,d), strange, and charm quarks, respectively.
V. DECAY CONSTANTS OF THE D MESON AT NLO
In this section, we calculate the decay constant of theD meson at one loop in HMrASχPT.
We can express the decay constant at this order as
fDxΞ
√
MDxΞ = κ
(
1 +
1
16pi2f 2
δfDx + analytic terms
)
, (164)
where x labels the light valence flavor in the meson, Ξ labels the meson taste, κ is the
LO low-energy constant in the current, Eq. (28), and δfDx denotes the sum of the chiral
logarithm terms, coming from the one-loop diagrams. We will allow for the possibility of
partial quenching, so the valence quark mass mx may be different from any of the sea-quark
masses. The analytic terms arise from tree-level contributions from the NLO Lagrangian
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and current and will include taste symmetry violations, due to the taste-violating terms
LA23,a2 , LB23,a2 , jµ,iΞ2,a2,A2 and jµ,iΞ2,a2,B2 .
By following the same approach as we used to show the one-loop contribution to the
heavy-light meson propagator is taste independent, it is straightforward to show that the
one-loop term δfDx is independent of taste of the meson. We simply replace the field H
αβ
i
in Eq. (146) with the leading order current
jµ,i,αβLO =
∑
Ξ
1
2T
αβ
Ξ j
µ,iΞ
LO =
κ
2
∑
Ξ
1
2T
αβ
Ξ Tr
(1
2TΞγ
µ (1− γ5)Hσ†λ(i)
)
, (165)
where we have used Eq. (28) for jµ,iΞLO . Note that j
µ,i,αβ
LO transforms under heavy-quark
taste symmetry and light-quark discrete taste symmetry exactly as Hαβi does. Identical
manipulations to those in Sec. IV thus show that the two-point function of the current and
the field is taste-independent:
〈0|jµ,iΞLO (x)HjΞ′(y)|0〉 = 12δijδΞΞ′ hI(x, y, i) , (166)
where we have introduced a new function hI . Up to an additional term coming from the
one-loop wave function renormalization, δfDx is proportional to the one-loop contribution to
the two-point function in Eq. (166). Since we know from Sec. IV that the wave function con-
tribution is taste-independent, we have proven the taste-independence of δfDx . Furthermore,
it is now easy to see that δfDx in our theory, HMrASχPT, is identical to the correspond-
ing contribution in HMrSχPT calculated in Ref. [10]. The only difference between the LO
Lagrangians in the two theories is the extra taste degree of freedom of the heavy quark in
HMrASχPT. Since we have seen that heavy-quark taste is conserved in the one-loop dia-
grams, the heavy taste degree of freedom just flows through the diagram and has no effect
on the result. Note that virtual heavy quark loops are forbidden in our theory since the
residual energy is low; if they were allowed the heavy-quark taste would lead to an extra
counting factor in loops.
We thus take over the result from Ref. [10] for δfDx without change, except for trivial
changes in notation. The analytic terms, which come from the NLO Lagrangian, will be
different in the two theories, however. The terms LA23,a2 , LB23,a2 , jµ,iΞ2,a2,A2 and jµ,iΞ2,a2,B2 give
contributions that depend on the taste of meson.
Following Ref. [10] for the one loop terms, we then get, for the 1+1+1 partially quenched
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case with all masses unequal:
fDxΞ
√
MDxΞ
κ
= 1 +
1
16pi2f 2
1 + 3g2pi
2
{
− 1
16
∑
S,Ξ′
`(m2xS,Ξ′)
− 1
3
∑
j∈M(3,x)I
∂
∂m2X,I
[
R
[3,3]
j (M(3,x)I ;µ(3)I )`(m2j)
]
−
(
a2δ′V
∑
j∈M(4,x)V
∂
∂m2X,V
[
R
[4,3]
j (M(4,x)V ;µ(3)V )`(m2j)
]
+ [V → A]
)}
+ cs(mu +md +ms) + cvmx + ca,Ξa
2 , (167)
where x is the valence flavor, Ξ is the valence taste, S runs over the three sea quarks u, d,
and s, and Ξ′ runs over the 16 meson tastes. The chiral logarithm function ` and the residue
functions R are defined by
`(m2) ≡ m2 ln m
2
Λ2χ
, (168)
R
[n,k]
j ({m};{µ}) ≡
∏k
i=1(µ
2
i −m2j)∏
r 6=j(m
2
r −m2j)
, (169)
with the sets of masses in the residues given by
µ(3) = {m2U ,m2D,m2S} , (170)
M(3,x) = {m2X ,m2pi0 ,m2η} , (171)
M(4,x) = {m2X ,m2pi0 ,m2η,m2η′} . (172)
Here taste labels (e.g., I or V for the masses) are implicit. In Eq. (167), ca,Ξ is the only
coefficient that depends on the taste of the heavy meson. It can be written as a linear function
of constants appearing in LA23,a2 , LB23,a2 , jµ,iΞ2,a2,A2 and jµ,iΞ2,a2,B2 . It is straightforward to check
that these terms are sufficient to break the taste symmetry down to the lattice symmetry.
Thus the coefficients ca,Ξ are independent for the eight multiplets listed in Table II.
Now we include the effects of hyperfine and flavor splittings of the heavy-light mesons in
one-loop diagrams. We follow the argument of Ref. [30] and briefly describe how one can
adjust Eq. (167) to include these splittings. In Eq. (167), the contributions proportional
to g2pi come from diagrams with internal D
∗ propagators, and the contributions with no
factor of g2pi come from diagrams with light-meson (“pion”) tadpoles. Thus we must only
adjust the former contributions. The splittings in diagrams with internal D∗ propagators
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depend on whether the pion line is connected, which results in the term with the sum over
S in Eq. (167), or disconnected, which results in the terms with the factors of the residue
function R in Eq. (167). (See Fig. 5 in Ref. [10] for the structure of the quark flow in these
diagrams.) In the disconnected case, the valence x quark in the external DxΞ flows into the
pion propagator and then returns the way it came (a “hairpin” diagram) and enters the D∗
propagator. Thus the internal D∗ always has the same flavor as the external DxΞ, so there is
no flavor splitting between the two, only a hyperfine splitting. In the connected case, the D∗
in the loop has the flavor of the virtual sea quark loop (which we labeled by S in Eq. (167)),
so there is flavor splitting with the external DxΞ, in addition to the hyperfine splitting.
We let ∆∗ be the lowest-order hyperfine splitting, and δSx be the flavor splitting between
a heavy-light meson with light quark of flavor S and one of flavor x. At lowest order, δSx is
proportional to the quark-mass difference, which can be written in terms of the parameter
λ1 in Eq. (35):
δSx ∼= 2λ1(mS −mx) ∼= λ1
µ
(m2SS,ξ5 −m2xx,ξ5), (173)
where the final expression expresses the result in terms of pion masses.
Since the mass of the external D is removed in HQET, the mass shell is at k = 0.
When there is no splitting, the internal D∗ has its pole at the same place, which makes the
integrals simple and gives rise to the chiral log function `(m2). In the presence of a splitting
∆ between the internal D∗ and the external D, the integrals involve the more complicated
function
J(m,∆) = (m2 − 2∆2) log(m2/Λ2) + 2∆2 − 4∆2F (m/∆). (174)
Here the function F is [37, 38]
F (1/x) =
−
√
1−x2
x
[
pi
2
− tan−1 x√
1−x2
]
, if |x| ≤ 1,
√
x2−1
x
ln(x+
√
x2 − 1), if |x| ≥ 1 .
(175)
We may now generalize Eq. (167) to include splittings. We simply replace
`(m2)→ J(m,∆) (176)
in the terms proportional to g2pi, taking care to include the flavor splittings (∆ = ∆
∗ + δSx)
for terms from connected-pion diagrams, and to omit the flavor splittings (∆ = ∆∗) for
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terms from disconnected-pion diagrams. The result for the leptonic decay constant is then
fDxΞ
√
MDxΞ
κ
= 1 +
1
16pi2f 2
1
2
{
− 1
16
∑
S,Ξ′
`(m2Sx,Ξ′)
− 1
3
∑
j∈M(3,x)I
∂
∂m2X,I
[
R
[3,3]
j (M(3,x)I ;µ(3)I )`(m2j)
]
−
(
a2δ′V
∑
j∈M(4,x)V
∂
∂m2X,V
[
R
[4,3]
j (M(4,x)V ;µ(3)V )`(m2j)
]
+ [V → A]
)
− 3g2pi
1
16
∑
S,Ξ′
J(mSx,Ξ′ ,∆
∗ + δSx)
− g2pi
∑
j∈M(3,x)I
∂
∂m2X,I
[
R
[3,3]
j (M(3,x)I ;µ(3)I )J(mj,∆∗)
]
− 3g2pi
(
a2δ′V
∑
j∈M(4,x)V
∂
∂m2X,V
[
R
[4,3]
j (M(4,x)V ;µ(3)V )J(mj,∆∗)
]
+ [V → A]
)}
+ cs(mu +md +ms) + cvmx + ca,Ξa
2 . (177)
We can also include the finite-volume effects for a spatial volume L3 into Eq. (177). Following
Ref. [30], we replace
`(m2) → `(m2) +m2δ1(mL), (178)
J(m,∆) → J(m,∆) + δJ(m,∆, L), (179)
where
δJ(m,∆, L) =
m2
3
δ1(mL)− 16pi2
[
2∆
3
JFV (m,∆, L) +
∆2 −m2
3
KFV (m,∆, L)
]
, (180)
with
KFV (m,∆, L) ≡ ∂
∂∆
JFV (m,∆, L), (181)
and with δ1(mL) and JFV (m,∆, L) defined in Refs. [33, 39].
Reference [30] also discusses the extent to which including the splittings as in Eq. (177),
and not other possible 1/mQ effects, is a systematic improvement on Eq. (167). In that
discussion the power counting introduced by Boyd and Grinstein [31] is applied, which
assumes
∆2, ∆m, m2
mQ
 ∆ ∼ m , (182)
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where ∆ is a generic splitting (∆∗ or δSx or a linear combination of the two), m is a generic
light pseudoscalar meson mass, and mQ is the heavy quark mass. In the lattice simulations
of Ref. [30], the lowest pion masses were about half the physical kaon mass, and the power
counting of Ref. [31] was only marginally applicable to the data. However, for simulations
on the HISQ ensembles generated by the MILC Collaboration [9, 36], the lowest pion masses
are physical, and the assumptions of the Boyd-Grinstein power counting are well satisfied.
Furthermore, including the splittings with such data is not optional: for D mesons the
hyperfine splitting ∆∗ = 142.1 MeV, and the flavor splitting δsd = 98.9 MeV, clearly non-
negligible compared to the physical pion mass.
Since we have included hyperfine and flavor splittings, which are empirically large even
though they are formally of order 1/mQ, it is important to consider whether splittings coming
from taste violations should also be included in the heavy-light propagators at one loop. As
discussed in the introduction, taste splittings in squared meson masses are roughly constant
as the masses increase from pions to D mesons, which means that taste splittings in the
heavy-light masses themselves are quite small, ∼11 MeV at a ≈ 0.12 fm for the HISQ action.
The taste splittings are indeed higher order compared to the physical hyperfine and flavor
splittings. We note that the taste-violating Lagrangian terms in Eqs. (125) and (127) also
lead to O(a2) contributions to hyperfine splittings. Those effects have not been measured
in lattice simulations, but we think it is reasonable to assume they are comparable in size
to the taste splittings since in most cases the same operators produce both effects.
There is also the question of whether other 1/mQ continuum effects should be included
along with the hyperfine and flavor splittings. As discussed in Ref. [30], such terms only
change the overall normalization of the result for the quantity δfDx in Eq. (164) by relatively
small amount, of order ΛQCD/mQ. Since in any case the value of f in Eq. (164) may be
considered uncertain by as much as 20% (the difference between fpi and fK), these additional
1/mQ terms have no practical implications for our results.
VI. CONCLUSIONS
We have generalized the chiral Lagrangian for heavy-light mesons to the case where both
heavy and light quarks have the staggered action. A fundamental assumption of our work is
that lattice spacings is sufficiently small, or the heavy-quark action is sufficiently improved,
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that we may treat amQ as a small parameter, where mQ is the heavy quark mass. This is
the same assumption required in order to describe heavy quarks with the HISQ staggered
action in simulations.
The heavy-light part of the LO staggered chiral Lagrangian we obtain is identical to
that in the continuum, except for extra taste degrees of freedom of the light and heavy
quarks. In contrast with the light-light part of the chiral Lagrangian, which includes taste
splittings at LO, the heavy-light part of the LO chiral Lagrangian is taste-invariant, with
three key symmetries: heavy quark spin symmetry, chiral symmetry of the light quarks
(including taste and flavor symmetries), and SU(4) taste symmetry of the heavy quarks.
Complications arise at NLO, where these symmetries of the heavy-light Lagrangian may be
broken by lattice artifacts, as well as by light-quark mass terms. Those NLO contributions
that arise from terms in the Symanzik effective theory composed exclusively of light quarks
may be taken over directly from Ref. [10]. In doing so, we have corrected some minor errors in
that reference, which do not affect any existing calculations within that framework. Terms
in the Symanzik effective theory with heavy staggered quarks are new. We have derived
their consequences for the NLO heavy-light Lagrangian, as well as the left-handed current,
in some detail. In some cases, though, we have not attempted to find the complete set of
possible terms, and have contented ourselves with simply listing sufficient numbers of terms
relevant to foreseeable practical applications.
We have then applied our Lagrangian to calculate, through NLO, the taste splitting of
heavy-light mesons and the heavy-light leptonic decay constant. In both these cases, we
are able to prove that the one-loop diagrams are taste invariant, despite the fact that they
contain pion propagators that break taste symmetry. This means that taste violations in
these quantities at NLO come exclusively from analytic terms, which arise from the NLO
Lagrangian and current. Using our results for the mass splittings, and making assumptions
about the dominant operators based on experience with light-light quantities, we find that
we can qualitatively understand the pattern of splittings seen in heavy-light HISQ data.
For the decay constant, the NLO taste violations produce a single analytic term that
depends on taste of the meson, the term ca,Ξa
2 in Eqs. (167) and (177). The one-loop
diagrams give rise to the same chiral logarithms derived in Ref. [10], because in both cases
they are taste invariant. Following Ref. [30], we include the modifications of these chiral
logarithms due to heavy-light hyperfine and flavor splittings, which are comparable in size to
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the physical pion mass, and therefore important for describing modern simulations in which
the light quark masses are physical or close to physical. The resulting chiral form is being
used to fit HISQ data for decay constants of the D system [29]. Although such fits may
be bypassed for data at physical quark masses [4], the chiral fits allow one to include data
at unphysical quark masses, and thereby one can hope to obtain smaller statistical errors
and better control over continuum extrapolation errors. The work in progress indicates that
these hopes are realized in practice.
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Appendix A: Reduction to Irreducible Tensors
In Sec. III B, we need to reduce a 3-index tensor to irreducible Lorentz representations in
order to find the type-B2 chiral form for the current. The reduction is done explicitly here.
For present convenience we work in Euclidean space and use Euclidean rotational symmetry
(plus parity) instead of Lorentz symmetry, so we do not have to worry about upper and
lower indices.
Consider a tensor Xαβρ, which may be taken to be traceless on the second two indices
Xαλλ = 0, where sum over λ is implied.4 The tracelessness may be assumed because the
trace term will simply reproduce type-A contributions, as in the discussion of LB22,a2 . In
addition, we may just consider the reduction of the part of X that is symmetric on the
second two indices,
Y αβρ ≡ 1
2
(
Xαβρ +Xαρβ
)
(A1)
since we will ultimately be interested in writing only the element Xµνν in terms of irreducible
tensors, and the antisymmetric part will not contribute.
The tensor Y transforms as the product of a vector (on the first index) and a traceless
symmetric tensor (on the second and third indices). To see what representations appear, we
4 In what follows λ will be used as a summation index, and sum over it is always implied when it appears
twice. However, all other indices are not summed over, even when they appear more than once.
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use the fact that SO(4) = SU(2)× SU(2) to denote irreducible tensors by their spin under
the two SU(2) factors. A vector is the (12 ,
1
2) representation, while a traceless, symmetric
two-index tensor is the (1, 1) representation. The product thus contains (32 ,
3
2), (
3
2 ,
1
2)⊕(12 , 32),
and (12 ,
1
2), where parity interchanges the two SU(2) factors, making a single representation
out of the second component. The highest representation must be symmetric, and (32 ,
3
2)
corresponds to a completely symmetric, three index tensor Sαβρ, which is traceless on any
pair of indices: Sαλλ = Sλαλ = Sλλα = 0. The (32 ,
1
2)⊕ (12 , 32) is a traceless three index tensor
Aαβρ of mixed symmetry, antisymmetric on the first two indices (say). The (12 ,
1
2) is a vector
W ρ, formed from only the nonvanishing trace of Y :
W ρ = Y λλρ = Y λρλ . (A2)
Constructing Sαβρ and Aαβρ, we have
Sαβρ =
1
3
(
Y αβρ + Y βρα + Y ραβ
)− 1
9
(
δβρ Y λλα + δαρ Y λλβ + δαβ Y λλρ
)
, (A3)
Aαβρ =
1
2
(
Y αβρ − Y βαρ)− 1
6
(
δαρ Y λλβ − δβρ Y λλα) . (A4)
From the SU(2)×SU(2) quantum numbers, S and A should each be 16-dimensional. Check-
ing this for S is straightforward; for A, the following identity is helpful:
Aαβρ + Aβρα + Aραβ = 0 . (A5)
Solving Eqs. (A2) through (A4) for Y αβρ gives the reduction
Y αβρ = Sαβρ +
2
3
(
Aαβρ − Aραβ)+ 1
9
(
2 δαρ W β + 2 δαβ W ρ − δβρ Wα) . (A6)
The particular case of interest is the reduction of Xµνν . From Eqs. (A1) and (A6), we have
Xµνν = Sµνν +
4
3
Aµνν +
1
9
(4 δµν W ν −W µ) . (A7)
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